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The emergence of preferred classical variables within a many-body wavefunction is encoded in its
entanglement structure in the form of redundant classical information shared between many spa-
tially local subsystems. We show how such structure can be generated via cosmological dynamics
from the vacuum state of a massless field, causing the wavefunction to branch into classical field
configurations on large scales. An accelerating epoch first excites the vacuum into a superposition
of classical fields as well as a highly sensitive bath of squeezed super-horizon modes. During a subse-
quent decelerating epoch, gravitational interactions allow these modes to collect information about
longer-wavelength fluctuations. This information disperses spatially, creating long-range redundant
correlations in the wavefunction. The resulting classical observables, preferred basis for decoher-
ence, and system/environment decomposition emerge from the translation invariant wavefunction
and Hamiltonian, rather than being fixed by hand. We discuss the role of squeezing, the cosmo-
logical horizon scale, and phase information in the wavefunction, as well as aspects of wavefunction
branching for continuous variables and in field theories.
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I. INTRODUCTION

Assuming a homogeneous initial state of the universe, the inhomogeneous primordial density perturbations we
observe imprinted on the cosmic microwave background correspond to one member of a much larger ensemble of
possibilities. Further assuming a pure initial state |¥), such as the Bunch-Davies vacuum invoked in inflationary
models, this ensemble can be identified with the states {|¥;) = P; |¥)}, where each orthogonal projector P; selects
a joint configuration for a preferred set of commuting observables accessible to our instruments. Unlike laboratory
experiments on pristine microscopic systems, measurements of arbitrary cosmological observables cannot be made.
Rather, there is a quantum-classical transition at some point during the evolution of the early universe [I] which picks
out a preferred set of observables, encompassing all measurements that might be made by any feasible experiment. In
turn, this induces a preferred set of wavefunction branches |¥;). This paper is motivated by a desire to identify these
branches from first principles and, in particular, to eliminate dependence on certain assumptions that must be made
with earlier treatments. We build up only from spatial entanglement in the quantum state, a technique that can be
extended outside the realm of cosmology to understand amplification and emergent classical observables in arbitrary
many-body systems.

Given a particular subsystem distinguished from a larger environment, the theory of decoherence [2H4] can provide
a general method for identifying a preferred basis of the subsystem, and hence a preferred complete set of commuting
observables, that is stable over times much longer than the subsystem-environment interaction timescale. Phase
information between states in this basis is irreversibly dispersed into the environment and hence cannot be accessed
through measurements on the subsystem alone. Decoherence is said to reduce the problem of finding a preferred basis
to the problem of finding a preferred subsystem. This is indeed a significant reduction, as the number of bases is much
larger than the number of subsystems, and the subsystems that are feasibly accessible to experiment are much more
salient than the bases. Although this is sufficient for most practical purposes, the formal problem of identifying the
preferred subsystems® from first principles remains [7H9].

It is not the case that all subsystems decohere in some basis. To a limited extent, the theory of decoherence has been
inverted to find variables that are protected from interactions with the environment (e.g., decoherence-free subspaces
[I0HI2]) which has found uses in applications like quantum error-correcting codes. Error correction, both classical
and quantum, is ultimately grounded in the principle of locality; by distributing information across multiple, spatially
disjoint degrees of freedom, local errors can detected and corrected before they corrupt the extended information.
Recently, it has been proposed that spatial locality and the associated entanglement structure may also single out a set
of robust classical observables in non-equilibrium many-body states — without any reference to a preferred subsystem
— by the presence of “redundant records” [I3] (defined precisely in §III). Such records are commonly produced in
decohering subsystems through a process known as quantum Darwinism [I4HI7] in which information about the
subsystem’s preferred observables is copied into the environment, not just once, but redundantly into many disjoint
locations. This generates a characteristic type of classical correlations, interpretable as a classical error correcting
code, with so-called broadcast structure [I8420] as a special case. The phenomenon has been explored in many
concrete models [I8] [19] [2TH28] and has been proposed as a method for selecting a single preferred set of consistent
histories [I3, [29]. The set of all observables that are redundantly recorded must mutually commute — except for a set
of error-correcting counterexamples that become rarer and more pathological as the redundancy increases [I3] — and
so the observables induce a preferred decomposition of the state into branches, i.e., the projections of the state |¥)
on the joint eigenspaces of the preferred observables.

1 Subsystems can equivalently be defined by a preferred set of observables [5 [6].



In this paper we apply these ideas for the first time to the cosmological setting. Decoherence has been extensively
studied in this context [30H39], but only by assuming a preferred separation between subsystem and environment, e.g.,
by showing that long-wavelength primordial perturbations are decohered by short-wavelength modes and other fields;
the existence of alternate subsystems decohering and yielding incompatible branch structure was formally an open
question.? Here, we establish, assuming only the special status of spacial locality, that long-wavelength perturbations
are unconditionally preferred, essentially ruling out the possibility that an alternate choice of subsystem would reveal
the decoherence of an incompatible (i.e., non-commuting) set of observables. We do this by showing not just that
these preferred modes decohere, but additionally that their configuration is recorded redundantly in many spatially
disjoint regions.?

We seek to understand the formation of branch structure when it initially develops, in the broadest possible
cosmological setting. Our model consists of a generic massless scalar field variable ¢ initialized in the vacuum state,
which could describe scalar curvature fluctuations, tensor fluctuations, an inflaton field, or any other massless mode.
Due to its self-interactions, the field acts as both the system and decohering environment, with modes on a given scale
being redundantly recorded by modes on shorter scales. The resulting wavefunction branches are peaked around long-
wavelength classical field configurations. The dynamics will be those induced by a period of cosmological acceleration,
which stretches the modes of the field to superhorizon scales, followed by a period of deceleration, in which the modes
re-enter the cosmological horizon and regions of space come back into causal contact (and share information). While
the accelerating epoch occurs in an approximately de Sitter background, we emphasize that the crucial effect of this
epoch — the WKB classicality and squeezing of the modes in the superhorizon regime — is not unique to inflation, and
also occurs in bouncing cosmologies (see e.g., [61]). The primary reason for an inflationary epoch is that the field is
effectively in the (Minkowski space) ground state at very early times, so we are able to generate classical branches
from the most simple and symmetric initial state.

We build on significant earlier work studying decoherence and the quantum-to-classical transition in cosmological
models. As discussed in [62H67] and related works, the Bunch-Davies vacuum becomes highly squeezed as modes
redshift to super-Hubble scales, with the state in phase space having support only along the line 7 ~ 7.(¢) where the
conjugate momentum is that of a field ¢ evolving classically. Furthermore, the field freezes at late times, rendering the
velocity or conjugate momentum unobservably tiny. Consequently, essentially all feasible measurements (if they were
performed) would yield a classical distribution; observing non-classical results would require infeasible measurements
of nonlocal observables [68],[69]. Our goal is identify, as abstractly as possible, the properties of the cosmological wave-
function that produce these results, with the intention of applying them in the future to arbitrary non-cosmological
system, ultimately generalizing these sorts of restrictions on the feasibility of real-world measurements. Classicality
in this sense is a necessary condition for the formation of spatially redundant records and wavefunction branching as
we define them.

Our model is universal in the sense that, even in the absence of matter fields, gravity alone is capable of generating
the necessary interactions [70, [7I]. Of course, matter self-interactions or multiple fields can introduce stronger (but
still perturbative) interactions, and hence earlier decoherence, but these are model dependent. We expect that such
modifications would induce branching that is similar in most important qualitative ways to the generic case studied
here. We refer the reader to [31], [72H75] for discussions of decoherence from matter self-interactions and other non-
minimal couplings, and note that some earlier works [T6-78] have also studied gravitational interactions.

Our model of objective wavefunction branching for a translation-invariant scalar field is general enough to be of
interest outside cosmology. A long-term goal for future work is the identification of robust universal criteria that define
provably-irreversible wavefunction branches in all systems including, as a special case, laboratory measurement. Our
current reliance on an unambiguous, a-priori concept of spatial locality will, of course, prevent it from being imme-
diately applied in the context of quantum gravity, especially outside the perturbative regime. However, holographic
approaches to gravity may use the idea of redundant records to identify preferred states in the boundary theory that
correspond to quasiclassical spacetime geometries, recovering a notion of locality in the bulk [79]. Locality might also
be built up from more abstract properties of the Hamiltonian [80].

The identification of mathematical principles for the identification of wavefunction branch structure is valuable quite

2 Within the context of consistent histories, the absence of a principle for picking out preferred observables or branches manifests as the
existence of incompatible sets of consistent histories (also known as alternate realms). This is sometimes called the set-selection problem
and solving it has been variously characterized as crucial [40H48], merely preferable [49H51], and completely unnecessary [52H58]. Several
incomplete solutions to the problem have been proposed [13] [29] [46] 59 [60].

Given the freedom to consider an arbitrary decomposition of the global Hilbert space into subsystems, there will exist incompatible
observables that decohere and produce “records” with respect to that decomposition, at least instantaneously. But all of these pseudo-
records, and the subsystems that contain them, will necessarily overlap in space and hence will not be separately accessible to any
collection of spatially disjoint observers. For an example with the decomposition associated with momentum space, see Appendix@
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generally, but let us briefly list some reasons, both fundamental and practical, for why the inflationary early universe
is a particularly good venue: (1) The early universe strains the conventional formulation of quantum mechanics as a
strictly operational theory [49] 81]. In particular, assigning a quantum state to the universe [82] is unavoidable and,
since there are no observers in the past, the measurable observables are pre-determined (rather than chosen by an
experimentalist) and cannot be repeated. (2) Inflation is the most popular cosmological model of this time period.
(3) Linear inflationary evolution is highly symmetric and exactly solvable, and perturbation theory from this solution
is relatively well understood. (4) Most study of the quantum-classical transition occurs in the nonrelativistic setting,
but a fully satisfactory understanding must extend into the actual arena of fundamental physics: relativistic field
theory. (5) The inflationary state is out of equilibrium, a necessary condition for the time-asymmetric proliferation
of branches.

The paper is structured as follows. In Section [[I] we summarize our results. In Section [[II] we review preliminary
concepts including decoherence, redundant records, wavefunction branches, branching in field theory, the background
cosmology in our model, and the wavefunction description of inflationary fluctuations. In Section [[V] we review the
linear theory for fluctuations in a de Sitter background, including the phase space representation and squeezing of the
quantum state. In Section [V] we study the effects of gravitational interactions during inflation, first considering the
simplified case of coupling to an infinite-wavelength background, and then evolving the wavefunction and quantifying
the information recorded in a given localized mode of the field. In Section[VIwe study the behavior of the wavefunction
in a decelerating era following inflation, and show that the correlations between modes that were created during
inflation are amplified so that localized modes in many spatial regions contain redundant information about the field
on superhorizon scales. We discuss our results in Section [VI]]

For notation, k and q will denote spatial wavenumbers in three dimensions, with q reserved for long-wavelength
modes that are decohering, and k primarily for shorter-wavelength modes acting as an environment. The magnitudes

of vectors are denoted as k = |k|. We will use the Fourier decomposition convention X (x) = [ (gil)‘g Xy for

any quantity X = (, ¢, etc., and the integration of wavenumbers will often be shortened to f(‘le)‘st = fk Xk.
We will denote conformal time in an inflationary epoch as 7, and conformal time in a post-inflation decelerating
epoch as 7. Overdots will denote derivatives with respect to cosmic time ¢, and primes with respect to conformal
time 7 (or 7). For spatial derivatives of fields, we use the following conventions: (V)? = §70,00;¢, V? = §'9,0;,

and V72p = Ik (‘21?)‘3 (—k~2)pre™ . A bar over two operators denotes the symmeterized product with subscript

indices exchanged: XyY, = (XyYp + Y Xp)/2. A prime on a correlation function will denote the omission of a
momentum-conserving delta function, e.g., (prpr) = (2m)283(k + k') (prpw)’. The notation ¥[p](t) will denote the
wave functional evaluated at a field configuration ¢(x), and at time ¢. The Hilbert spaces of systems 8, environments
€, and the relevant universe H are written in an upright script. Actions S, Lagrangians £, and Hamiltonians H
are written in calligraphic script while the Hubble constant H is in Roman. We distinguish the Lagrangian (or
Hamiltonian) density from the Lagrangian (or Hamiltonian) by adding a spatial argument, e.g., £ = [ d*xL(x).
Most Hamiltonians will be taken with respect to conformal time 7 (or 1), with Schrédinger equation i0, ¥ = HY¥ (or
i0,¥ = HW¥). Lastly, note that we will use ¢ for fluctuations of the inflaton, ¢ for the curvature perturbation on
uniform-density hypersurfaces, and ¢ for a generic field variable in a more general class of models. (Within that class
of generic models, there are particular choices of coupling constants such that ¢ can be interpreted as a rescaling of
¢ or of §¢.)

Throughout the figures in this paper we use the Wigner function in phase space to depict quantum states.* Slightly
abusing terminology, we refer to the region where the Wigner function is neither zero nor exponentially suppressed
as the support. Since the states we consider are Gaussian or nearly Gaussian, their support is well represented by an
ellipse whose boundary is a contour containing most of the Wigner probability mass. Squeezed states thus appear as
narrow, tilted ellipses.

4 The Wigner function of a single variable z is a real-valued function of phase space given by the Fourier transform of the off-diagonal
direction of the variable’s density matrix p: W (z,p) = (2m) ! [dAz exp(—ipAzx){z+Az/2|p|z—Az/2) = (27) " [dApexp(—izAp)(p+
Ap/2|plp — Ap/2). It satisfies [dz W (z,p) = (p|plp), [dp W (z,p) = (z|p|z) and hence [dxdp W (z,p) = 1. The Wigner function of a
Gaussian state is Gaussian (and hence positive) with the same variances in x and p. By virtue of the invertible nature of the Fourier
transform, two distinct states p and p’ have distinct Wigner functions.



II. SUMMARY OF RESULTS

In this paper, we show that the wavefunction of a massless field undergoes evolution with the schematic form

) = <Z¢S(@s)|¢s>> (Z¢M(@M)‘PM>> (ZdJL(ﬂPL)WJL)) (1a)

= 37w (ps)les) - 5 (ear)lear) - vr(on)ler) (1b)

¥$S,M,L

Here, “S”, “M”, and “L” denote short-, medium-, and long wavelength modes; |¢) indicates approximate eigenstates
of the field operator ¢, sharply peaked around a classical field configuration; () denotes a wavefunction over
configurations ¢; and 1(?)(p) denotes a wavefunction over the configuration ¢ of a shorter wavelength mode conditional
on the configuration ¢ of a longer wavelength mode. For sufficiently different values ¢ and ¢’ of the longer wavelength
configuration, the conditional states are orthogonal: [dyp @) ()P (¢) ~ 0. In the initial (vacuum) state, Eq.
, modes on different scales are unentangled. After evolving under the cosmological dynamics, the field is in a
highly entangled state, Eq. , with the property that the conditional states of short (medium) wavelength modes
contain redundant information about the field on medium (long) wavelengths. We include medium modes as well as
short and long modes in the schematic division into momentum bands in order to emphasize that the modes of the

field act both as an environment recording information (reflected in the conditional wavefunction ngL )(go M)) and as
a system being decohered (reflected in the entanglement of field eigenstates |¢as) with the conditional wavefunctions

wgpM)(gos) of short modes).

During an inflationary epoch, the modes redshift to scales much larger than the cosmological horizon, and are
excited into highly squeezed quantum states, which — as indicated in the left panel of Figure[I] - are superpositions of
coherent states peaked around classical field values. Furthermore, a squeezed state is easily displaced to a completely
orthogonal state by any perturbation to its parameters that induces a slight rotation in phase space. This allows the
modes to act as highly sensitive measuring devices, able to respond to other degrees of freedom like the hands on a
very precise clock, as in the right panel of Figure[I[} Consequently, the accelerating epoch excites the field into a state
which is simultaneously a delicate superposition of classical outcomes, and a decohering environment which is highly
sensitive to disturbances introduced by coupling modes. In particular, highly squeezed (superhorizon) modes are
potentially capable of recording precise information about comparatively longer-wavelength background fluctuations,
which have evolved into a superposition of many classical states.

Minimal gravitational interactions during inflation introduce an entanglement between modes, through which a
long-wavelength background field can shift the parameters describing shorter-wavelength modes (for instance, by
shifting the local Hubble expansion rate, or the local scale factor). However, we will see that due to the scale-
invariance of the inflationary power spectrum, a given mode is entangled with modes on all scales in the same way,
so that any recorded information about the long-wavelength field is lost due to the noise from its entanglement with
other (shorter) modes. Furthermore, any records formed after modes cross the horizon during inflation are unable
to propagate spatially: Once a region of space inflates to superhorizon scales, it acts as a separate universe, and no
quanta can propagate out of that region in the finite amount of conformal time allowed during inflation (and more
generally, while the mode remains outside the horizon). Consequently, any information about the classical field in a
given region remains fixed in space, and inaccessibly entangled between many modes.

Once inflation ends, however, and modes later re-enter the cosmological horizon during a decelerating epoch, they
are able to propagate and distribute information spatially, as illustrated in Figure[2] Furthermore, we will see that the
decaying of the (massless) modes after re-entering the horizon effectively enhances the entanglement between a given
short mode and long-wavelength fluctuations on the scale of the horizon (relative to its entanglement with shorter
modes), allowing for very precise records to form. This is described in § [VIE] with the recorded information (the
sensitivity of the “clock” in the right panel of Figure [1)) quantified in Eq. (125), and the long-wavelength variable
being recorded given in Eq. . We will see that in order for these records to form and to propagate into many
disjoint spatial regions, the preceding inflationary epoch must last for a sufficiently long time, and interactions must
be strong enough:

4

a
Jtotal (le> > 1. (2)

v/ inf

Here, giotal quantifies the net effect of the relevant gravitational interactions, and ay/a; is the amount of expansion
during inflation. Because the scale factor grows exponentially during inflation, even an extremely small interaction is
sufficient to generate wavefunction branching after inflation.
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FIG. 1: LEFT: After redshifting to super-horizon scales, a mode of the field evolves into an increasingly squeezed state, which
is shown here as a thin red ellipse in phase space of area ~ h, roughly corresponding to a contour of the Wigner function
associated with that pure state. This may be viewed as a superposition of coherent states corresponding to classical field
values, with corresponding classical field velocities. In the presence of interactions, this extended superposition fails to remain
isolated and becomes entangled with many other modes of the field. The induced decoherence of the original mode causes its
state to become more mixed, and hence spread over an area in phase space much larger than s. This can be decomposed as
an incoherent mixture of coherent states with much less squeezing, depicted here by their roughly circular Wigner contours.
The opacity of the circles indicates their relative probability mass. RIGHT: A highly squeezed state is easily perturbed into a
completely orthogonal state by a tiny shift to its angle of orientation in phase space, induced by a change in the background
field, Apr. Here, ps = fk g(k)¢k is a localized mode constructed from Fourier modes that have wavelengths short relative
to the background ¢, but have redshifted during inflation to superhorizon scales (|k7| < 1) in order to become squeezed. In
a decelerating era after inflation, the modes become highly correlated with background fluctuations ¢ on the scale of the
cosmological horizon, recording long-wavelength information in phase space like the hand of a clock recording the time.

The formation of redundant records (and hence branches) in the wavefunction is, in this particular cosmological
system, captured by the phase information in the wavefunction ¥[y] in the field configuration basis. (The conditional
states of Eq. carry information in their growing phases,

11,(%)(@) ~ eiQO'a(t)<PL¢(O)(<p)7 (3)

where the cosmological expansion from a(t) becomes large compared to the small interaction strength go.) The
squeezing of the modes, corresponding growth of phase oscillations in the wavefunction, and decoherence in the
superhorizon regime prepares the wavefunction in a state that will inevitably branch into (locally distinguishable)
classical fields once the modes fall back within the horizon scale after the accelerating era ends.

III. PRELIMINARY CONCEPTS
A. Branches and Records

In this paper we seek to contribute toward an ambitious long-term goal: the identification of mathematical criteria
that define the branch structure of the wavefunction of large many-body systems, up to and including the entire
universe [I3]. In other words, we seek, from first (information-theoretic) principles, a more-or-less unique method for
decomposing the global, Schrédinger-picture wavefunction into orthogonal components, |¥) = 3 . |¥;), where each
component |¥;) has an unambigous physical interpretation as a macroscopically distinct configuration corresponding
to a possible classical outcome. We furthermore expect branches to have these intuitive properties: (1) “Collapse”: a
superposition of branches |¥) = 3. |¥;) cannot feasibly be distinguished from the corresponding incoherent mixture
p =, |¥;) (¥, with any reasonable measurement. (2) “Irreversibility”: the branch decomposition |¥) = > . [¥;)



FIG. 2: During an accelerating epoch, modes with (approximate) wavenumber £k localized to a region of size o > A\, = 27/|K|
at point xo become extremely squeezed (as in Figure |1)), and thus capable of recording sensitive information about the long-
wavelength field ¢ (x). In a subsequent decelerating epoch, the quanta in these squeezed modes propagate in opposing directions
(k, —k) in the form of entangled EPR pairs. Gravitational interactions allow modes to record variation in the long-wavelength
background ¢r on the scale of the cosmological horizon (cn) as they propagate, encoded in their orientation in phase space.
Although the recorded information is encoded in EPR correlations between the left- and right-moving components at antipodal
points on the shell, and thus could only be revealed by a joint measurement of both components, many such records are
produced for EPR-entangled short modes propagating in approximately the same direction +k, generating redundant records
of the same long-wavelength variable in many disjoint spatial regions (indicated as multiple blue EPR-entangled modes). This
process occurs in all spatial regions and directions, and at all scales, first for smaller volumes that re-enter the horizon earlier.

at an given time is a coarse-graining of the decomposition |¥) = >
|Wi) =2 ey, |\I/;> where {J;} is some partition of the range of j.

At the ieast7 formal criteria for branches ought to recover, as a special case, the standard decoherence story when
a system 8 is measured by an apparatus A which is subsequently decohered by large many-body environment €&:

|U(to)) = lz |S:)

Here, |So) = >, 15i), |Ao), and |Ep) are the initial states of the system, apparatus, and environment, respectively,
and |4;) and |E;) are the conditional states of the apparatus and environment following the measurement (satisfying
(Si|S5) = (Ai|A;) = (E;|Ej) = 0 for i # j). We do not necessarily expect criteria to identify (for instance) the
difference between the measured system, the artificial apparatus, and the natural environment, as is encoded in the
tensor decomposition H = 8§ ® A ® € of Hilbert space. Indeed, most large systems undergoing dynamics similar
to the form in Eq. are not experiments in laboratories, but rather are natural amplification processes such as
the decoherence of macroscopic fields by the nearby medium [89], the decoherence of hydrodynamic variables by the
microscopic constituents of a fluid [46],[90-92], the decoherence of small particles by ambient radiation [4}, 18], 26], 27 93],

j |\I/;> at all later times,® in the sense that

[Ao) |Eo)  — I‘If(f1)>:Z|‘Ifi(t1)>:Z|5i> [ A) | E) (4)

5 Strictly speaking, branching cannot continue forever [83H88]. Even if Hilbert space is formally infinite dimensional, reasonable IR, and UV
cutoffs mean that there is a maximum number of orthogonal branches. However, this would be unobservable if branching is effectively
irreversible in a closed system until it thermalizes, at which point observers and experimentation cannot persist.



or the decoherence of the long-wavelength primordial fluctuations by shorter wavelengths (and by other fields and
particles) [311, 32, 89, [67, [72H75] [94]. In these naturally occurring examples, the “measured system” is often a collective
variable, e.g., the average magnetization of a region, the average pressure within a volume, or the center-of-mass of
a macroscopic object. Even when a tensor structure decomposition (8§ ® €1 ® €2 ® --+) can be formally assigned,
it will generically be unstable in time and underdetermined. Therefore, the primary goal is simply to identify the
time-dependent set of orthogonal branches {|¥;(¢))}.

Although sufficient criteria for fully describing the complete branch structure of a many-body wavefunction is not
currently known, in this work we will be satisfied if we can identify a non-trivial coarse-graining of these branches in
the early universe without assuming any systems or observables as preferred a priori. Any given decomposition {|¥;)}
corresponds to the set {Q} of all mutually commuting observables of the form Q = 3" w; |¥;) (¥,|, so intuitively we
would like to derive at least some large subset {Q} C {Q} of preferred classical variables from first principles.

Of course, we will need to have access to some additional structure in order to distinguish different states in Hilbert
space from each other at all. Here, we are investigating what can be derived based only on the distinguishability
of different spatial regions [I3]. In non-relativistic many-body physics, this can take the form of a preferred tensor
decomposition of Hilbert space into microscopic lattice sites: 3 = ), Hx where, for instance, each local system Hx
might be a qubit or more generally a qudit. (Relativistic field theories are discussed in the next section.) Building
on the intuition developed from studies of quantum Darwinism, we tentatively assert that different branches should
be not just orthogonal but locally orthogonal at many places. By this we mean that any two different branches
|W;(t)) and |¥;(t)) should be distinguishable by a hypothetical measurement on some region (subset of the lattice),
T = Quer Hx C H, and that furthermore this should be true for many disjoint regions (3"(1), F@ F6), etc.).% This
condition can be expressed as

W) =107 |9) =17 |9) = 11

K3 K3 7

)= 5)

where, for each F(®), {H?(a)}i is a set of orthogonal projectors: I¥" = (H?(a))2 = (H?(a))T and ), H;ﬂa) =17,

K2

where I7 denotes the identity operator on F(®. An equivalent condition is that
g (a) g(a) . .
Tr [pgr(wn' pi}"(b):j:| =0, i 7 (6)

where

(a) (b) (b)
P = Teger [T ) (w17 | (7)

is the state on region F(® conditional on region F® occupying the subspace labeled by i. Here F = ®x¢  H* denotes

the complement of any region F, so H = F® F. When this condition holds, we say that any observable Q% “ local to

a region F(*) has a record when its eigenspaces correspond to the local projectors: 07 = > wiH?(a) (for distinct
eigenvalues, w; # w; for ¢ # j). Note that Eq. defines a relation between records that is manifestly symmetric and
transitive, avoiding the need to distinguish any particular record as preferred over the others.

Thus, we will characterize branches by a sort of multipartite entanglement which is most cleanly exemplified by a
generalized GHZ state of N qudits and d alternatives:

d
) = Z |i>®N = ‘1>1 ‘1>2"'|1>N + ‘2>1 |2>2"'|2>N +ot ‘d>1 |d>2""d>N (8)

i=1

Indeed, the equivalent conditions Eqs. and @ are automatically satisfied in the special case of Eq. when the
environment has many spatially disjoint parts (€ = €M) ® €2 @ £B3) @ ...), each of which are in an orthogonal state
conditional on the state of the system §, that is, |E;) = |E§1)>|E§2)>|Ei(3)> -++ where (EZ.(“)|EJ(.G)> =0 for ¢ # j. But
this condition can be satisfied much more generally. For instance, the state |¥) = |¥;) + |¥5) where

@) = (10)[0) + (1) [1) ) (10} [0) + 1) [1) ) -~ (10} [0) + [1) [1}),

1) = (10)10) = 11) 1)) (0) 10) = 11} 1)) - (10) 0} — |1} 1) )

6 There is no strict threshold for “many” but, in a sense that can be made precise, the branch decomposition will be unique excepting
counterexamples that become more and more pathalogical as the number of orthogonal regions increases [13].



contains redundant records on neighboring pairs of qudits, but not on any individual qudit. To see this, we choose
the projectors Hﬁ"’”*” = |+)p.ny1 (t] and Hg"’"H) = |=)p.np1 (| jointly on the n-th and n+1-th qudits, where

1) g = (10),,10),,,1 E[1),, |1>n+1)/\/§, and observe that HE"’HH) |¥) = |;), i = 1,2, for any odd n. On the other
hand, branching states with redundant records may possess entanglement between different recording regions even
within a single branch, such as the state |¥) = |U;) + |¥3) where now

@) = (10)[0) + [1) 1) ) (10} [0) + 1) [1) ) -~ (10} [0) + [1) [1}),
W) = (12)12) +13) 3) ) (12) [2) + [3)[3) ) -~ (12) [2) + [3) 3) ).

In this case, we could choose the projectors TI{" = |0),,(0] + [1),,(1] and i = 12),,(2| +3),,(3| on the n-th qudit
to see that each qudit has a record of the branch structure even though, conditional on a particular branch |¥;),
neighboring qudits are partially entangled and therefore are not in a pure state.

There exists weak but suggestive evidence that the existence of highly redundant records in the above sense is
necessary and sufficient to formalize our intuitive notion of branches. Redundant records appear necessary for de-
scribing variables we might call quasiclassical for the simple reason that (a) all reasonable measuring devices create
redundant records by virtue of their primary purpose of amplification, and (b) it would be impossible for multiple
observers to even know the value of an observable without their internal mental states carrying a record. (Consider,
for instance, the many records that exist about the outcome of any laboratory measurement, or the position of any
macroscopic object, on account of the tiny subset of photons that are sufficient to reconstruct the variable through
passive observation [20], 27].) Redundant records may also be sufficient in light of the fact that a unique branch de-
composition is induced, except in the case of error-correcting counterexamples, by the set of all redundantly recorded
observables [13]. However, at this point it is unclear whether redundant records can guarantee irreversibility (although
the proliferation of a macroscopic number of records is certainly suggestive of it).

(10)

B. Branching of Fields

When considering field theories, the need for branch criteria that do not depend on a preferred subsystem is brought
into stark relief. Without particle conservation, subsets of particles grouped into macroscopic objects become plainly
ephemeral. It has been suggested that preferred subsystems might be obtained from the distinction between particle
species (e.g., photons and non-photons [95]), but even this is suspect in light of our expectation of invariance under
local field redefinitions that mix species [96]. It is likely that currently known fields are only indirectly related to
more fundamental field to be discovered in the future. In contrast, spatial locality becomes more fundamental in the
relativistic setting, and we focus on criteria the depend only on the entanglement between disjoint spatial regions.
Local field redefinitions are analogous to local changes of basis (i.e., local unitaries) on individual sites of a discrete
lattice, and they leave spatial entanglement invariant subject to the following subtleties.

In relativistic” field theories, no precisely local records can exist because no finite-energy state is an eigenstate of any
observable that can be exactly localized to a bounded spatial region [98], [99]. Thus, Eq. cannot hold exactly.® This
is a consequence of the Reeh-Schlieder theorem,? which similarly implies that no detector confined to a finite spatial
region — as all physical detectors are — can ever record the presence of a particle-eigenstate with perfect accuracy
[08]. This might be a signal that the concept of spatially disjoint records will eventually need to be generalized in
the relativistic domain, or simply that branches will only ever be well-defined asymptotically (as are particle in-states
and out-states). In this paper our focus is on investigating how much we can learn using only local records; we will
largely side-step the Reeh-Schlieder property by simply requiring only that records be localized in disjoint regions up
to exponentially tiny tails. More precisely, the localized observables we consider will be of Gaussian form

¢(x0, ko, 0) =/

o~ (ko)?0? /2 il ko /2)x0 / dx e~ (ex0)*/(20%) —iko-(x—x0/2) ) (11)
k

7 The Reeh-Schlieder theorem and related properties also hold in many non-relativistic theories [97].

8 Furthermore, adjacent patches of space cannot, for any finite-energy state, be completely disentangled from each other. This signals
that there is no sensible notion of a tensor decomposition of space, @, HE@) or ¢ dH®) in a quantum field theory.

9 The (generalized) Reeh-Schlieder theorem states that for any two finite-energy state |¥) and |x) (including the vacuum), and for every
bounded spatial region JF, there exists a (not necessarily normalized or Hermitian) operator A% on F such that A¥ |W¥) = |x). If there
was a finite-energy branch |¥1) that is preserved by a projector local to a region F (i.e., II7 [¥1) = |¥1)) then for any state |x) there
would be an operator A7 on the disjoint region ¥ such that o |x) = H?AT Ix) = ATH? |T1) = A7 |¥;) = |x). But this would be
mean that every |x) is preserved by H;f and hence the projector must be trivial: H? =17



where the triplet (xg,ko, o) denotes the central position, central momentum, and characteristic spatial extent of the
localized variable. These variables are as spatially disjoint as any physical quantum system in a field theory can be. We
will consider two observables ¢(xq, ko, o) and ¢(xJ, k{, o) to be essentially spatially disjoint when |x¢ — x| > o. The
spatial entanglement within the vacuum state implied by the Reeh-Schlieder property is known to fall off exponentially
with distance for massive fields and as a power law for massless ones [I00} [I0I]. We will find below that, for the
massless field ¢, records in localized Gaussian modes will be accurate only up to errors that fall like a power law with
the relevant distance scales, although the connection to masslessness is not yet clear.

Lastly, note that, unlike the simple examples of discrete branching in Egs. , we will be concerned below with
branching of continuous variables such that individual wavefunction branches will be associated with finite ranges of
the variable. In some cases this will be associated with a trade-off between the number of disjoint records defining
the branches and the accuracy with which they record the relevant variable. See Appendix [B] for details. The local
variables ¢(xg,ko,0) will be distributed as Gaussians and, as described in detail below, we will consider them to
have a record distinguishing between two branches of interest when the distributions of ¢(xo, ko, o) conditional on
either branch are easily distinguishable. Proving rigorously that the branch uniqueness theorem [13] can be extended
to include approximately localized records with approximate accuracy, although plausible due to tiny errors, is not
proved here but is left to future work.

C. Background Cosmology

In this paper, we will impose a fixed background cosmology, and ask how the wavefunction of cosmological fluctua-
tions ¥[p] evolves in that background. The (classical) background cosmology is of the Friedmann-Robertson-Walker
form

ds? = —dt* + a*(t)dx>. (12)

We will first consider an inflationary epoch with an approximately de Sitter background, a(t) oc eft, with H(t) =
a/a = const. During the inflationary era, we will use conformal time 7, defined by dr = dt/a and satisfying

a(t) =—1/HT. (13)

Note that 7 runs from —oo to 0, and we will be mainly interested in the late time limit 7 — 0 (or a — 00).

After a sufficiently long (to be made precise) period of inflation, ending at a small but finite 74 < 0, we will modify
the background expansion and introduce a decelerating epoch, characterized by equation of state p = p/3, that is,
radiation. In this era, the scale factor evolves as a(t) ~ v/t. We will introduce a new conformal time coordinate 7 for
this epoch, again defined by dn = dt/a, in terms of which the scale factor can be written as

a(n) = a(0) +a'(0)n (14)

where a(0) and a’(0) are fixed by imposing continuity of a’ (or of the Hubble radius) across the transition from
inflation to radiation. )

We will assume that the Hubble rate is changing very slowly, quantified by the slow-roll parameter e = —H/H? < 1,
so that the dynamics of the fluctuations can be approximated as dynamics in de Sitter space. This slow-roll variation
affects the amplitude of metric fluctuations, as discussed in Appendix [D1] as well as their gravitational interactions,
as discussed in §VB| and Appendix We will absorb this dependence into the rescaled field ¢ and into generic
coefficients for cubic interactions.

D. Phase Information in the Inflationary Wavefunction

The formation of wavefunction branches, and effective wavefunction collapse, is grounded in the general phenomenon
of amplification, and so only appears in closed quantum systems that explicitly break time-reversal symmetry.'® More
specifically, we identify branches by the increasing amount of space-like entanglement found on consecutive Cauchy
surfaces. Therefore it will often be useful to work in the Schrédinger picture, where the wavefunction of the universe
is a time-dependent functional of the field(s) on consecutive spatial slices.

10 As always, the fundamental dynamics are Lorentz invariant and time-reversal symmetry is broken only by the special initial conditions
of the universe.
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During inflation, the relevant degrees of freedom are scalar and tensor metric fluctuations, ¢(x) and v;;(x). These
are defined and reviewed in Appendix The scalar mode ¢ is a dynamical degree of freedom in all inflationary
models, appearing as the Goldstone boson associated with breaking the time translation invariance of de Sitter space
by introducing a small variation in the Hubble rate [102] [103]. Its self-interactions and couplings to the tensor modes
(gravitons) are universal gravitational interactions. The wavefunction for scalar and tensor modes, W[((x), 7i; (x)](%),
satisfies the Schrodinger equation

i UIGA)(6) = HOPIC A0 (15)

where H = H[((x), i;(x), 7 (x), my,i5(x)] is the Hamiltonian, which acts on the wave functional as an operator via
its dependence on the functional derivatives m¢(x) = —i7d/6((x) and m ;;(x) = —ihd /6, (x).

Most of the literature on inflationary cosmology has focused on observable correlation functions!! of ¢ (or ),
which become time-independent in the ¢ — oo limit as the field freezes out. While these calculations usually use the
Heisenberg picture, they can of course be reproduced from the amplitude of the wavefunction:

(OLA®) = / DEDy O AT AD)]2. (16)

At late times (in the super-Hubble regime), the wavefunction takes the WKB form of a rapidly oscillating phase given
by the action, and a constant amplitude. This is because the conjugate momentum dependence of the Hamiltonian
is suppressed as the fields freeze out (¢,%;; — 0), so the Hamiltonian just acts on the wavefunction multiplicatively.
Suppressing the tensor arguments,

HIC e = H[C, —i5/5¢) "R HC.

Furthermore, since C — 0 after horizon crossing, we have H — —L = — [ d3x L(x). The Schrédinger equation is
therefore solved by the WKB form

W[¢,A](t) = eSO E[¢ ]| (super-Hubble regime) (17)

when all modes have crossed the horizon. Here S(t) = [ ‘dt'd®x L(x), and the amplitude |¥| becomes time-
independent.

The phase information in Eq. is not relevant for correlation functions of the fields. It only affects correlation
functions involving the conjugate momenta or field velocities, which leave no observable effect since ( ,¥ — 0 during
inflation. However, this phase information is crucial for decoherence [104], the formation of redundant records, and
wavefunction branching.

In particular, the rapid inflationary growth of the (free theory) action in Eq. leads to the squeezing of the
quantum state for each mode. Including interactions, we will see that this squeezing makes the modes of the field very
sensitive as a decohering environment or measurement apparatus for longer-wavelength degrees of freedom. While
inflationary dynamics will not be sufficient to generate redundant records of the fields in many spatial regions, we
emphasize that the WKB classicality of the inflationary wavefunction, and corresponding squeezing of the modes,
prepares a state which is highly susceptible to branching (much like Schrodinger’s cat). Decoherence and branching
occur once the modes re-enter the horizon and propagate spatially. The resulting long-range redundant correlations,
which are indicative of branching, will be encoded in the phase information generated by interactions, or equivalently,
in correlation functions which depend on both the fields and their conjugate momenta.

IV. LINEAR INFLATIONARY DYNAMICS

In this section we give an elementary review of linear inflationary dynamics for the benefit of readers with a
background in quantum information rather than cosmology or field theory. Other readers can safely skip to § [V C|
after noting our choice of notation and the form of the Hamiltonian, Eq. (22]).

1 The procedure of identifying branches can be used to distinguish which observables O will take robust classical values — namely, the
operators whose eigenstates are the branches — from the larger set of observables that do not because they involve non-local phases (and
hence are infeasible to measure).
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A. Field definition and Hamiltonian

The Lagrangian for a massless scalar field in an approximate de Sitter background spacetime, a(7) = —1/HT,
defined with respect to conformal time 7, is
1
£ = e [dx () - (V6] (18)
1
= 972 /k (90{(90/—1( - /4?280k€0—k)’ (19)

where the prime indicates d/dr, and we deploy the notation fk = f ((21371)‘3. By including a factor of H?, we have

implicitly defined ¢ to be a dimensionless field variable with fluctuations of order unity in the late-time limit,

(Prprr)l o = (2m)*0% (k + K) (20)

2k3”

instead of a dimensionful field with fluctuations of order the Hubble scale. The canonically conjugate variable is
T(x) = Opr () £ = ¢'(x) /72, or equivalently'? m = ¢} /72. The resulting Hamiltonian is'?

e [f]

1 1

1 5 k2
B} T TRk + 5 PkP—k| -
k T

B. Heisenberg-Picture Dynamics

The classical equations of motion are

k‘2

2
do=me B = (23)
or equivalently,
o= 0 24
Pk~ Pt k=0 (24)
The classical solution is given by the linear combination
1 . . . .
wk(T) = NoT [(1 +ikt)e *Tay + (1 — zk;T)e””aJLk ,
—ikT ikT
(7)== —=—|¢€ ag +e"'a }
k( ) \/ﬁ T |: k k|
with mode coefficients ay, alt. While the conjugate momentum blows up, the physical velocity goes to zero:
0 / » 1 e or 1t
kK = = —HTt )= —H(kT [671 Tax +¢e*"a’ :| 26
12 Note that the momentum-space variable itself does not pick up a minus sign because
) . d . d
TR = /dsxp(x)e_’k‘x =772 /dgxgo/(x)e_lk'x =772 _— /d3xgo(x)e_lk'x =772 —pp = 7 2%p}. (21)
dr dr
You can use the same elementary Fourier manipulations to show that p(x) = W(X)E is equivalent to my = O_,, L. Likewise for
Hamilton’s equations, @} = Or_, H, pj. = —0y_, H exhibits the sign flip in momentum space, leading to the correct equations of motion

without the sign flip.
13 Note that H + £ = [ d3x¢/ (x)p(x) = (2m) 73 [ dPkejm_y = $(2m) 73 [ d3k(pfm_x + ¢’ 7). Furthermore, @| 7_x # T_kp), S0 we
are implicitly choosing an operator ordering when we quantize.
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This freezing is fast enough that the classical mode approaches a constant value. That is, f Cdty = f 0 dry’ converges,
as is already clear from the 7 — 0 limit of ¢k (7).
We quantize by promoting the mode coefficients to time-independent raising and lowering operators satisfying

[, af] = (2m)°6° (k = K'), (27)
which is equivalent'* to the canonical commutation relations
[Pxc(7), mer (7)] = [, ] = i(2m) 8% (k + k'), (28)

where the Heisenberg picture operators are defined as ¢y (7) = exp (z I dT”H) Pk EXP (—i I’ dT"H). One can then
check that Eq. solve the von Neumann equations of motion

d d

Pk = —ilH e(n)l, ome(T) = —ifH, me(7)]. (29)

Lastly, it will be useful to introduce “rotated” canonical variables (P (7), IIx(7)):

(b ) = (otir) i) ) (2 v ) 0

which are defined to be uncorrelated, (®y(7)I (7)) = 0 at all times. From this one can determine that the time-
dependent angle 6§ must be

O(kt) =kt — %(k7)3 + O(kT)® ~ kT (31)

in the k7 — 0 limit. From this, we can find that in the same limit,

n

(@udic) = 5 (k7)22m) 8 (k + K),
1., 1 f )
(Milhe) = 5k g (209" (e + ). (32)

C. Schrédinger Wavefunction, Wigner Function, and Phase Space Dynamics

The time evolution can be described in the Heisenberg picture in terms of operators, as in Eq. , but we now
construct the wavefunction in the Schrédinger picture. The solution for the wavefunction for a pair of modes (¢k, k)
is of the Gaussian form'®

¥ (%K, 9-x) = (i) = (norm.) exp [~ |pw[* Ak, 7)], (33)

and satisfies the Schrodinger equation,

. d .

i9-¥(e) = Hiloi, —id/dei)v (o), (34)
where we have defined the single-mode Hamiltonian Hy by H = ), Hk. Using Eq. , this leads to a first-order,
nonlinear differential equation for A(k,n) [38] 94]:

idiA(k, T) = 72 A%(k,T) — K% /72 (35)
T

14 Remember that k = |k|, so k — —k does not flip the sign of k.

15 Recall that for the real field p(x), the momentum modes @i are complex, with the position-space reality condition px = @L enforced
by px = goik, so that |gpk|2 = @L@k = ¢_kypk. For the purpose of taking functional derivatives, we can treat the fields ¢y and gol as
“independent” in the same way as for complex scalars z = a+1b and z* = a—ib, i.e., by defining 0, = (9, —19p)/2 and 0+ = (0a+10p)/2
so that 0,2 =1 = 0,+2™ and 0,2* =0 = 0,+ 2.
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The nonlinear A2 term comes from the kinetic term in the Hamiltonian; two factors of 7 = —id/d yield two factors
of A(k,n) from the exponent of the wavefunction. The k? term comes from the gradient term in the Hamiltonian,
and is dominant when the mode is frozen outside the horizon. The boundary condition lim,_, ., A(k,7) is set using

the canonical choice of the Bunch-Davies vacuum in the infinite past.'® With this initial condition the solution is'”
1—i/kr
Alk,7) =K —L—. 36
(k,7) 2.2 (36)

(Note that we have suppressed a factor of the total volume in which the field is being decomposed into k modes, which
arises from discretizing the integral in the Hamiltonian, (27)~3 J d’k — V1 > k- In the remainder of this section,
we will implicitly include this factor in the canonical variables: V=/2(p, ) — (¢, 7).)

The corresponding Wigner function is [66]

Wo ek, T k, 7) = /d2A@ke_i(W;AWFm‘AW;)PO(SDk — Apk/2, o + Api/2), (37)

where

Po(wx — Api/2, px + Apr/2) = P(px — Api/2)Y" (px + Api/2) (38)

is the (pure state) density matrix. Using Eq. , we find that the Wigner function in terms of the uncorrelated
canonical variables of Eq. ist®

Wo(®u, Ii; k, 7) o exp [—rg (25%)| i |* — 75 (25~ %) | k|, (39)
where the squeezing ratio is
ro = —1/kt (40)

up to corrections in k7. We show the contour of the Wigner function in Figure [3| At late times, IIy =~ my, and Iy
has a spread that scales as 1/|kT|, as is clear also from Eq. . On the other hand, the spread of ®y is suppressed
by 1/k7 relative to the spread in @y, revealing the squeezing of the state.

As mentioned in § the squeezing is a consequence of the phase oscillations in the wavefunction, Eq. ,
which come from the action. Indeed, evaluating the action, S = 1 [d®xdr 772((¢')? — (V)?), for a single pair of
modes (¢k,p—x) in the superhorizon regime where @i — const. and the gradient term dominates, we have

) . Tdr —i
i) iRl [ =1 (1) bl (a1)

This is the phase in the wavefunction, Eq. , and is enhanced relative to the real part of the exponent by the
squeezing factor 1/|kT|.

V. INFLATIONARY EPOCH WITH GRAVITATIONAL INTERACTIONS

In this section we will study the evolution of the wavefunction during inflation, including the entanglement between
different scales generated by gravitational interactions. After looking at the oversimplified case of redundant records
of an infinite-wavelength background fluctuation in § [VA] and reviewing the physical meaning of a long-wavelength
fluctuation for different field variables in § [VB] we will perturbatively evolve the wavefunction in § [V (] and show in
§that a long-wavelength fluctuation is not recorded by any one spatially localized short mode (even though short
modes collectively do contain long-wavelength information), and is not recorded in more than one spatial region.

16 The Bunch-Davies state is constructed by placing each mode in the ground state of the Hamiltonian in the limit 7 — —oco. This is most
easily done by performing a time-dependent field redefinition to the Mukhanov coordinate, v = —p/7, so that the Hamiltonian for each
mode becomes time-independent in the infinite past: lim, o 7—[1(:))(7') = (k2o |? + |7'r](:})|2)/2. This ground state is well-defined in
any coordinates at any finite time, and the mode is not excited out of this state until it crosses the horizon.

17 See [66] for related discussion of the Schrédinger-picture evolution. Another way to derive A(k, 7) is to write the wavefunction as a path
integral, U[y]|; = [¥ DpetSPlW[@], where S = %fd3xd7"r*2((<p’)2 — (V)?). The path integral is a Gaussian integral.

18 Note that the Wigner function is a phase space density, so changing variables (¢, 7k) — (P, ITi) requires re-normalizing. But we’re
not worrying about normalization right now.
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kr| > 1 kr| < 1

FIG. 3: The shaded region is the phase space region in which 7?|®|?+r 2|k |*> < 1, where the Wigner function Wo (i, mi; k, 7)
is not (close to) zero. On the axes, we suppress the wavenumber k, and are also implicitly plotting either the real or imaginary
part ¢k, which are two independent modes in the same quantum state. (So, ¢ = Lpl((Re’Im), T = ﬂf(Re’Im), P = @f(Re’Im), and
II = H]((Re’lm).) At early times (a) the mode is deep inside the horizon and is just a harmonic oscillator in its ground state.
At late times (b), the state becomes highly squeezed. The conjugate momentum grows as 1/|k7|, while the spread in the ®x

direction is suppressed, going as |k7|. Note that 7k is anticorrelated with px due to the relative factor of 1/k7T < 0.

We will use a generic model for the leading gravitational interactions in an inflationary background:
Ls(x) = H?a*(7) (90(Vp)* + gpe™) , (42)

defined with respect to conformal time 7. The small dimensionless couplings (g, §) are left as free parameters. We
will implicitly specify them when we specify ¢ as a field variable in a particular gauge in § [VB] which determines
the couplings in terms of the inflationary background. The factor of H? ensures that the dimensionless couplings do
indeed quantify the relative amplitude of the interactions in comparison to the free Lagrangian. (In particular, we
define (g, §) to include any parametric suppression in the action from H/M,, as well as from slow roll parameters.)
This model captures the leading gravitational interactions in the case of slow-roll inflation, whether we consider ¢
to be a rescaled version of the adiabatic curvature ¢ in the uniform density gauge, or of inflaton fluctuations d¢ in the
spatially flat gauge. Moreover, the two (massless) graviton modes can be described with the same model at the linear
level, and, as noted in § gravitational interactions involving tensor modes are of the same form as Eq. .

A. Cubic Interactions and Long-wavelength Fluctuations

Consider a constant background fluctuation, ¢y = const. The quadratic Lagrangian for the modes will be shifted
via their coupling to the ¢ in Eq. :

£2(x) + ALo(x) = g [(1+2002)6” — (1~ 2001) (V)] (13)

Now, recall that in the Schrédinger evolution of the Gaussian wavefunction, the kinetic and gradient terms appear
respectively as the first and second terms on the RHS of Eq. . In the superhorizon regime (k7| < 1), the phase
of the wavefunction, ImA, is sourced only by the gradient term:

d

S ImA(k,7) = k2 /7% + O(79). (44)
-
and will thus be modified by the coupling to ¢y :

d

EImA(k,T) — (1 —2g¢0)k?/7* +O(7°)  for gor #0. (45)
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Therefore, in the presence of a long-wavelength background, the phase grows at a slightly different rate:
ImA(k,7) = (1 — 2gpr)ImA(k, 7). (46)

A small fractional shift in the phase is enough to shift the wavefunction to a completely orthogonal state: As we
saw in § [VC] a large phase is equivalent to a high degree of squeezing, and even a small change in the squeezing
factor alters the state to a non-overlapping state. This can be seen by computing the overlap of two wavefunctions,
conditioned on two different long-wavelength backgrounds ¢y, and ¢ + Ay,

D), g, = [ Pl Tlion)0 (eaa Tl + Ag), (47)

where (pk; T|@r) is evaluated with the shifted phase, Eq. . (The real part, ReA, is also slightly perturbed for
nonzero g and §. However, since both (pp) and (77) scale as 1/ReA, this does not affect the angle of orientation of
the Wigner function, and thus cannot shift the state to an orthogonal state, as in Figure ) The overlap falls to zero
for an increasingly small difference Apy, in the late-time limit. From Egs. , , and , we obtain'®

‘¢L<¢k(7)|wk(T)>¢L+AWL |2 N ngQD% -1 I 9
e~ e T () o el < Lol (15)

So we see that — as shown earlier in Figure [I] - even a small shift gAp;, < 1 tilts the squeezed state to an orthogonal
state, once k7| < gApr. In other words, the mode becomes sensitive to a long-wavelength background ¢y, once it has
redshifted ~ In(1/g¢r) e-folds beyond the horizon. For a typical long-wavelength background ¢y, = O({¢?)1/2), this
is ~ In(1/g) e-folds. Because there are many modes which become squeezed, the coupling to a constant background
1, generates many records of 7 in momentum space.??

In this section we have so far considered the oversimplified case of an interaction which couples modes only to an
infinite-wavelength background, ignoring interactions between finite-wavelength modes. In reality, local interactions
couple all momentum-conserving combinations of modes. We will see that the entanglement between modes in a
scale-invariant spectrum compromises a single mode’s sensitivity to a long-wavelength background. In §VE| below we
will evolve the inflationary wavefunction and compute the (lack of) recorded long-wavelength information.

In §[VI we will see that the post-inflationary evolution of the wavefunction in a decelerating epoch modifies the
entanglement in a way that generates records similar to the simplified momentum-space records described above by
simultaneously amplifying the correlation with long-wavelength modes and distributing records into many spatial
regions.

B. Long-wavelength Fluctuations: Effects on Local Geometry

In this section we review the physical meaning of Eqgs. and for gravitational interactions (which fix g and
g in terms of the background cosmology) and for different field variables during inflation.

Scalar Curvature Perturbation (.

For the scalar curvature perturbation ¢ as defined in the comoving (uniform density) gauge, with hypersurfaces of
uniform matter density, a constant background fluctuation shifts the quadratic action as

L) (x) + ALY (x) = ea® (1 +3¢1) € — eal(l + (L) (VE)?, (49)

as first derived in [70], and reviewed in Appendix The long-wavelength background (; only appears as a
perturbation to the local scale factor, a(t) — (14 ¢z )a(t). (In this case, we have written the Lagrangian with respect
to cosmic time (hence the label t), for which it is easier to see this effect.) Consequently, the conditional wavefunction
for a short-wavelength mode with wavenumber k in the presence of a constant background will be shifted in conformal
time:

[ic(T))e, = [Y(T(1 = (L)), (50)

19 Tt is important that |gepr| < 1 here.

20 Note that while modes that have just crossed the horizon, |k7| ~ 1, are only slightly squeezed and individually contain very little
information, there are vastly more such modes (in three spatial dimensions). These Hubble-scale modes are the dominant contribution
to decoherence of ¢y [104], and collectively contain many more records of ¢y. However, in this paper we focus (for simplicity and
clarity) on records in modes that have evolved far outside the horizon and become highly squeezed.
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at leading order in (r. This shift backward or forward in time increases or decreases the uncertainty in the time
derivative (i for shorter modes, which is decaying to zero as the modes freeze out after horizon crossing. In the
superhorizon regime, ¢ can be written as an operator in terms of ¢ [105],

T (v?é + ;(vé)z) + O(e, V), (51)

where the corrections include the parts that do not commute with ¢, and we use hats to emphasize that the equality
is at the operator level. We see that when a long-wavelength background (;, is turned on,

é — 672<Lé, (52)

indicating the long-wavelength modulation of freezing out of short modes. From Eq. , the squeezed-limit (¢ < k, k')
three-point function between a long-wavelength ¢ mode and two shorter-wavelength ¢ modes is

(Calilir) = —4(CqC-q)(Cil-x), (¢<k<aH=-1/7) (53)

up to corrections of order ¢/k.

The cubic interactions shown in Eq. do not lead to observable correlations in the late-time three-point function.
In particular, the resulting squeezed-limit three-point function ((qCk(k/) is zero because the two interactions cancel
each other. (As discussed in Appendix the full three-point function (at 7 — 0) is suppressed by slow-roll
parameters, and receives no contributions from the cubic interactions shown above.) As the modes freeze out as
|W[¢]|> — const., correlation functions involving only ¢ become time-independent, and are unaffected by the effective
shift in time from (; in Eq. . However, because the conjugate momentum (or field velocity) is highly time-
dependent, correlation functions involving the conjugate momentum or velocity — such as the three-point function
(CCC) (or (¢mm)) — and are sensitive to the shift in time from (;. These correlation functions probe the additional
phase information not contained in the classical distribution |¥[(]|?.

Inflaton Perturbations d¢.

In the spatially flat gauge, the metric is unperturbed and the scalar fluctuations are described in the matter sector,
which we will temporarily assume to be the source of inflation via a potential V(¢) of a scalar field ¢. We will see
that a long-wavelength inflaton background d¢y, acts as a shift in the energy scale or Hubble rate. )

From the Friedmann equation, H* = V(¢ + 6¢)/3M?, along with the slow-roll parameter ¢ = —H/H? =

%Mg (V'/V)?2, infinitesimal changes in H and V from a shift d¢;, to the background field are related as?!

AH 1AV 51
— = —— = —€ .
H 2V V2eM,

(54)

Furthermore, an increase in H slightly shrinks the horizon scale, which effectively expands the modes relative to the
horizon and thus shifts the modes forward in time or scale factor:

(Aa’a>cff - A7H (%)

From the cubic interactions in the spatially flat gauge, Eq. (3.8) in [70], it is straightforward to check how the
long-wavelength background shifts the quadratic Lagrangian 22:

(50) 6oy _ L g, €0 ) oo 1 €0gr, 2
Ly, (x) + ALy (x) = 54 <1 \/iMp> 8¢ 54 (1 + \/ZMP> (Vég)~. (56)

From Eqgs. and we can write this as:

-2
57 () + ALY (x) = (HZAH) [; ¥ Bae)*68% — (at Aacﬁ»)(wf] . (57)

21 We assume that ¢ > 0, so d¢ > 0 is associated with a shift forward in time and down the potential.
22 As in ¢ gauge, we keep only the cubic terms with a factor of §¢ without derivatives. Other terms can be neglected in the limit of a
constant background field.
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This is exactly what we expect from thinking of d¢;, as a shift in H (and hence in the effective “time” aeg): The
overall factor in parentheses shifts the amplitude of inflaton fluctuations, (6¢?) ~ H? — (H + AH)?, which is the
same as shifting the Hubble rate. In addition, the scale factor is shifted, which will advance or retard the modes in
their evolution.

Tensor Modes.

The leading cubic interactions between two scalar and one graviton mode, and one scalar and two graviton modes,
are respectively 23 [70]

A7) = oo .
1 .
Eé’Y’YC) (X) ~ g (3043C’Yij'yij — GC(V"/U)2) . (59)

The resulting effect from Eq. of a long-wavelength tensor background fluctuation +;; . on short-wavelength scalar
modes is to create a slightly anisotropic background spacetime which distorts the scalar modes (i by shifting their
wavenumbers, k2 — k2 — 7ij,Lkikj, which shifts the angle of orientation of the Wigner function. Note that scalar
modes propagating in the same direction as the gravitational wave background satisfy ;; rk;k; = 0, and are not
affected. Similarly, the effect from Eq. of a long-wavelength scalar curvature fluctuation (;, on short-wavelength
tensor modes is once again an effective shift in the scale factor or time.

C. Nonlinear Evolution of the Wavefunction

We would like to quantify the recorded information about long-wavelength fluctuations in terms of the entanglement
structure of the wavefunctional ¥[p(x)](7). In this section, we review the time evolution of the wavefunction in the
presence of small interactions, which can be solved perturbatively in the interaction strength.

Any interactions will generate a non-Gaussian part of the wavefunction, which we parametrize as

Y] = Yelp] - Unalel,

where the Gaussian part is

Ue[p](T) = (norm.) exp [—;/kgpkgp_kA(k,T)} , (60)

and U y¢ captures the effects of interactions and has the form

Ul () ~ exp [ [ nrstas ke Kpamon Fa (rﬂ | (61)

k.k/

The complex, time-dependent function F is isotropic, depending only on the wavenumber magnitudes q, k, k', and

/ _ / d*q d°k d°K

e @ e

with the delta function enforcing translation invariance (¥[p(x)] = ¥[p(x + x0)]). The evolution of F is determined
by the Schrédinger equation

. d .
i Wll(r) = (Hlip, ~i3/5]()) Tlg](7) (62)
with 7 = —id/dp. Expanding the Schrédinger equation perturbatively, one obtains an equation of motion for F [104],
F'(7) —ia(r)F(r) = —iHM) (1), (63)

23 In Egs. (58) and (59) we set M, = 1 and have neglected derivative and slow-roll suppressed interactions, as for the scalar mode self-
interactions. To obtain the yy¢ interactions in Eq. (59)), one must integrate by parts the interactions in [70] several times, in the same
way as for the ((( interactions discussed in Appendix (D 2]
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where we have suppressed the wavenumber dependence. The source function ’Hkuif,) (7) is defined by the action of the

interacting Hamiltonian with respect to conformal time?*, H™ = [d®x H™(x) = — [d®x L*(x) ?°, on the Gaussian
wavefunction:
(H™ [, —id/d¢]¥c) |, = { /k @0 a+ kK )gwewva (i ))] e (64)
k'.q

Eq. can be solved explicitly, yielding

Frer q(T) = —z'/ dr ”H]((Hllf/ (") exp [z/ dT"ak’k/,q(T”)] . (65)
Here, the function
g g(T) = =72 (A(k,7) + A(K',7) + A(q, 7)) (66)

is determined by the linear dynamics, where A(k, 7) was introduced in Eq. and defines the Gaussian wavefunction
Uq.

The calculation of F for the ¢(V¢)? interaction is given in [104]. The real part of F asymptotes to a constant
function as 7 — 0, and determines the late-time three-point function {pye), which is hoped to be detectable as
primordial non—Gaussianity in post-inflationary observables. On the other hand, the imaginary part ImF is sourced
by the real part of Hkrll(, which grows with the scale factor. It contributes to the WKB phase, shown in Eq. . in
terms of the curvature perturbatlon (. In the limit where all modes are in the superhorizon regime, the solution is

ImF o o(7) = —%(1@2 +E? + g2, (q,k, K < 1/|7]) (67)

which is essentially the cubic interaction in Fourier space. The effect of ImF for a constant background, ¢ — 0, is a
shift to the Gaussian phase ImA, which easily deforms the state to a non-overlapping state.

Note that the gpp'? interaction does not generate a rapidly growing phase during inflation. This is because the
modes freeze out, with ¢} (7) oc kT — 0, so the interaction does not grow in time.?¢ The absence of a phase from the
Gpp'? interaction recovers the result of § [V A - that the effect of g on the quadratic Lagrangian in the presence of a
long-wavelength background, in Eq. . does not shift the short modes to an orthogonal state. However, the o'
will become relevant after inflation when modes re-enter the horizon and unfreeze.

D. Localized Gaussian Modes

In order to quantify spatially localized records in the evolving wavefunction, we introduce localized field modes,
defined by convolving the field with a Gaussian window function:

SD(U) (k’ X) = W(kl|k7 X)cpk” W(U) (kv X) = W(k/‘kv X)’n—k’, (68)
K/ ”

where the convolution function,

1
W (K'|k,x) = (2¢/70)%? x exp [—202|k’ —k[* +ik - X] , (69)

24 Note that this Hamiltonian differs by a scale factor from the cosmic time Hamiltonian used in [I04].

25 The Hamiltonian density H = my’ — L receives quadratic corrections to the momentum 7, which generate cubic terms in both wy’ and
the free Lagrangian. However, these cancel, so we are left with H™* = —£i" at cubic order.

26 Despite the freezing of individual modes on super-Hubble scales, the jow'? does contribute to decoherence of long-wavelength fluctu-
ations due to the growing bath of Hubble-scale modes, which collectively (although not individually) contain an increasing amount of
information.
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picks out Fourier modes near wavenumber k, and spatial modes ¢(y) = fk e’ Y ) within a distance ~ o of x. The
normalization factor is chosen so that [, [W(k'|k,x)|* = 1, which fixes the canonical commutation relation

#7007 p.y)| = [ W)W (R, ) e T (70)
/’pl
k/
— ihexp | ——|x — |2—0—2|k+ P+ lk—p)-(x—y) (72)
= ihexp | ——5 y 1 pI"+ 5 P Y|

using [, ] = ih(2m)363 (k' + p’). In particular, this reduces to [¢(7)(k,x),7(")(=k,x)] = ih for x = y and
k = —p. For reference, we also define the Fourier transformed window function

~ . _ 2
Wiyl = [ e ) = Xy

, —371,372 OXP { 5ozt ik - (x — y)] . (73)

Like the Fourier modes p_j = @L, the localized modes obey ¢(?)(—k,x) = ¢(@)(k,x)" because W(-k'| — k,x) =
W (k'|k,x)*. They can similarly be broken into two degrees of freedom, the real and imaginary parts

1
(@ (o) (_
vsr= 5 (so (k,x) + ¢'7(—k, X)) ,

1
V2

(74)

vs; (¢ 0,%) = ¢ (-k,x))
S = S(k,x, o) refers to short wavelengths, since we will be interested in the limit where the peak wavelength 27 /k is
much shorter than the spatial scale o over which the localized mode is spread, which will in turn be shorter than the
long-wavelength modes being recorded. At the same time, we assume the peak wavelength is much longer than the
horizon scale, |k7| < 1, so that the mode is highly squeezed.

With these definitions, we will be able to quantify the amount of information recorded by modes of the field in
spatially localized regions.

E. Long-wavelength Influence on Localized Short-wavelength Modes

In this section, we will quantify the amount of long-wavelength information recorded in spatially localized modes
of the field on superhorizon scales. It will be convenient to use the rotated canonical variables (®,1II), for which we
once again define localized Gaussian variables,

o (k,x,7) = | W(K'|k,x)Pw(7),

v (75)
Nk, x,7)= [ WK |k,x) (7).

k/

Just as in Eq. , the corresponding real and imaginary parts are

bs, = % (¢><f’>(k, x) + &) (—k, x)) , bg, = % (<1><0> (k,x) — ®)(—k x)) , .
1 (e (on J— 1 (o2 [on
ls, = (H< ) (k, x) + II¢ )(—k,x)) , T (H< ) (k, x) — II( )(—k,x)) .

It is straightforward to check from Egs. and that
1 (k7)?

(@2)(h,7) = (83,)(h7) = ()(h7) = 55 +0(1/ak),
M8k 7) = (T3, ) (07) = (T)(k7) = 5 sk + O(1/h), (77)
and by definition,
(Pslls) = (Ps,rlls,r) = (Psills) = 0. (78)
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FIG. 4: A Feynman-like diagram for the two-point function (®yIly/),, (7), conditioned on a classical configuration of long-
wavelength modes ¢ < k, k’. The short-wavelength modes become correlated via the classical mode, represented as an external
leg with soft momentum q = —k — k’. The vertex function is given by the phase (imaginary part) of the cubic part of the
wavefunction, ImFy, 5/ o(7). (We use hats in this figure to emphasize that ® and II are quantum operators in contrast to the
classical mode being conditioned on.)

Here we have defined these quantities without the r and 4 subscripts, since they are the same in either case. We
will omit these subscripts in general, with the understanding that expressions hold for both of the two modes. Note
that (®2)(I1%) = (|®x|?)(|k|?) + O(1/0k), with the O(1/ck) corrections capturing the mixing due to entanglement
between spatial regions. This vanishes in the ¢ — oo limit, in which case we recover the case of pure, unentangled
Fourier modes, saturating the uncertainty principle.

We will quantify the amount of long-wavelength information carried by a localized short mode in terms of its
conditional two-point functions. In particular, the overlap between the reduced state for a localized short mode
conditioned on a particular background of long-wavelength fluctuations, and the reduced state for the same mode
conditioned on a different background (as depicted in Figure l, is determined by their respective two-point functions.

We will start by computing the conditional correlator (®sIls),, = 3((®slls + Is®Pg)),, for a localized short-
wavelength mode. It is easiest to first find the corresponding Fourier space correlator, (®xlli),, = 2((Pwll +

Ik ®ys)),, , and then convolve to localized Gaussian modes. In the Schrodinger picture,

©Olprl) = [ Dow[pl0lp. ~i 510l (79)

for any well-defined operator 0. To condition on a long-wavelength configuration, we treat all modes ¢4 for ¢ < ¢*
for a cutoff scale?” ¢* > o~! in the wavefunction as having fixed classical values, so that they can be factored outside
of expectation values over the shorter modes. Using Eq. for the Gaussian part ¥¢, and (®,1I) as defined in
Eq. , a straightforward calculation gives the leading O(g) contribution. For |k + k’| < k, &/, this is

<(I)ka’><PL (T) = @q%i?Imfk’k’vq(T) + O(q/ka (kT)ngz)v (q =-k- k/) (80)

Pars + Ola/k, (k7)", g?). (81)

In the second line, we have used Eq. @ We see that the two short modes k and k’ are correlated via their coupling to
one of the long-wavelength modes being conditioned on. Due to momentum conservation, k +k’ + q = 0, information
about long-wavelength modes (small ¢) is shared between modes oriented in nearly opposite directions. We will see
that because the field is excited into a two-mode squeezed state, with pairs of entangled quanta occupying k and
—k modes, this information is shared between EPR pairs of particles which propagate in opposite directions in the
post-inflationary epoch. Note also that contributions from the real part ReF have cancelled, leaving only the phase
ImF. This is because (®II) captures the effect of long modes on the tilt in phase space of the Wigner function for
the short mode; this depends only on the shift to the phase of the wavefunction (see § , which comes from ImF.
The factor of g/k7 in Eq. is suppressed by the weak inflationary interactions, but exponentially enhanced by the
squeezing factor. This enhances the sensitivity to long-wavelength modes and prepares the wavefunction in a state
susceptible to the formation of a spatially redundant records after inflation. Eq. is represented diagrammatically
in Figure Et the classical background mode g correlates the two short modes by attaching as an external leg with
soft momentum, with the vertex function given by ImF.

27 We would like to ask whether short modes k respond only to sufficiently long-wavelength modes ¢ < 1/0. Letting ¢* > o~ ! and asking
whether the dependence on conditional modes is sensitive to ¢* will allow us to determine this.
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Finally, convolving from Fourier modes to quasi-local Gaussian wavepackets, we find that
= g
(@sTTs)p, (k,7) = 100 (x) + O (a/k, (k7)) (82)

where we have defined the coarse-grained field
pa(x) = [ pactr A (53)
a

which is essentially independent of the upper limit ¢* > 1/0. Note once again that the long-wavelength information
is shared between entangled k and —k modes (now localized to a finite region), as indicated in Eq. .
The conditional two-point function (®x®Pw/),, can be calculated in the same way, leading to the result

Q

(PrPrr) g, (T)

kT)2 [T 18
( ) / @q‘Pq’(Qﬂ)gég(k +k + q-+ ql) X *Im]:k,|k+q|,q(7)lm]:k’,|k’+q’\,q’ (7) + <q)kq)k’>0(7')
q ’

k3 q 6
29 [T 3¢3 / /
N s Papq (2m)°0°(k + K +a+q') + (PxPw)o(7), (84)
q,q’

where we have again used Eq. (@ in the second line, the upper limit denotes |ql,|q'| < ¢*, and (PxPy )9 =
(PiPu )y, =0 is the contribution from entanglement with other short modes which are not being conditioned on.
Integrating over Fourier modes to obtain the two-point function for Gaussian modes, we find

2g2 ¢ i Nox—1lg2 72
(@), (k7)) = 3 paipq e I >ao el (@) (k, 7). (85)
a.q’
_ 292 2 @2 k 86
= ﬁ(@ (%)), + (®E)o(k,7), (86)
where
. q* . 7 7
(0, = [ (e A7 = [ ppetaraiea? (87)
p .9’

is a coarse-grained version of the squared field, ¢*(x). (In the middle expression, (¢?), denotes a Fourier mode of
this field.)

Lastly, (I1%) is unaffected by interactions at leading order, and is approximately given by the free theory expression,
Eq. .

In order to have a record, the Gaussian modes should be in distinguishable (i.e., orthogonal) states when conditioned
on sufficiently different values of the background . This is only possible if the area of support in phase space for
a conditioned state, (®%),, (11%),, — (Ps1ls)?,, is much smaller than the area of support for the unconditioned
state (®%)(I1%). (Recall (®sllg) = 0.) Achieving this requires a delicate cancellation between (®%),, (II%),, and
<<I>5HS>3L. However, from Egs. and we see that these two terms depend on different long-wavelength

variables: the smoothed squared field, (¢?(x)),, and the squared smoothed field, p2(x). (Relatedly, the contribution
(®%)o from entanglement with (sufficiently short) unconditioned modes is not small compared to the contribution
from conditioned modes.) For a scale-invariant power spectrum, these variables will be very different, as can be seen
from their expectation values:

1 —1l5242
(90)?) = / o7 T (88)

*

() = [ ' s (89)

While ((¢,)?) only depends on modes longer than o, ((¢?),) depends on modes at all scales up to the cutoff ¢*. This
is because any two short-wavelength modes ¢4 and ¢q can contribute to {(¢?),) as long as |q + q'| < o071, Since
squaring generates long-wavelength pieces from short modes, squaring and smoothing do not commute. Therefore,
we find that for a scale-invariant power spectrum, ¢*(pqp—q) & const., localized short-wavelength modes cannot
distinguish between different long-wavelength backgrounds. In short, the spatial locality of the cubic interaction
results in any momentum-conserving triplet of modes (k + k' + q = 0) becoming entangled, and it is impossible to
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FIG. 5: A schematic depiction of entanglement of superhorizon modes during inflation. Modes localized to regions A and B
become correlated with the respective long-wavelength backgrounds in each region after redshifting beyond the horizon, but
cannot propagate spatially after this point, and thus cannot distribute information into spatially disjoint regions. Furthermore,
the modes in region A are entangled with each other (as are those in B). This increases the mixedness of their reduced
states, which blurs out the corresponding Wigner functions in phase space, reducing their sensitivity to the long-wavelengh
background. The information about gogA) or ga<LB> therefore remains inaccessibly entangled between the short modes in each
respective region, and cannot be obtained from a single mode.

isolate the entanglement between very long and very short modes, since the latter are entangled with other short
modes. Consequently, the short modes only resolve the background with a very large error due to the fractional
difference between (¢, )? and ¢2, and do not record any precise information about the background.?® This is depicted
schematically in Figure [5]

We will now move on to a post-inflationary era of deceleration, which will remedy this problem by changing the
power spectrum once modes re-enter the cosmological horizon, and allowing information to be distributed into many
spatial regions.

VI. POST-INFLATION DECELERATING EPOCH

We impose an end to inflation at some finite conformal time 7; < 0, at which all the modes of interest are
far outside the horizon and thus very squeezed, and study the evolution of the wavefunction in a post-inflationary
decelerating epoch. This will be a radiation-dominated epoch, a ~ v/t. The scale factor can be written in terms of
(post-inflationary) conformal time 7, satisfying dn = dt/a, which runs from 0 to oco:

o) = g (14 1), (90)

where H is the Hubble rate during the preceding period of inflation. Here, we have fixed the initial scale factor
a(0) = a(r = 77) = —1/H 7y and rate of change a/(0) = o/(7 = 77) = 1/H7'J% so that the scale factor and its derivative
evolve continuously through the transition.

We choose to consider a radiation era because the resulting evolution of the wavefunction is relatively simple to
solve, but we expect that any well-behaved decelerating epoch in which the modes eventually re-enter the horizon will
result in the same qualitative behavior: decay of the modes upon horizon re-entry, along with spatial propagation of
the many quanta occupying a mode.

In the following subsections, we will describe the linear evolution of the wavefunction in the radiation era, and then
repeat the calculation of §V]in order to quantify the amount of recorded information. The main result is given in

28 Interestingly, we found that if the cubic interaction was replaced in an ad hoc manner with a nonlocal cubic interaction which removed by
hand the coupling between all modes except those separated by a hierarchy of scales, then short modes do indeed record the background
with high precision. Furthermore, a post-inflationary decelerating epoch with linear evolution allows these momentum-space records
to propagate into many disjoint spatial regions, once the short modes re-enter the cosmological horizon at late times. However, for
local interactions and slow-roll inflation, the scale-invariance of the power spectrum results in modes at all scales being entangled. As a
result, it is impossible to isolate long-wavelength information in spatial regions after inflation, since long-wavelength information formed
during inflation is shared between many entangled modes, all propagating in different directions.
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QVI E} where we contrast it with the inflationary case (§V EJ), and describe the propagation of redundant information
into disjoint spatial regions.

A. Linear Evolution of the Wavefunction

The linear evolution of the Gaussian wavefunction for ¢,

weleln) = o) exp |5 [ ool (o1)

is described by the continued evolution of A(k,n), which we distinguish from the corresponding function during
inflation by using 7 instead of 7 for conformal time. At the end of inflation, 7 = 77, we have

1—i/k7‘f

A = =kK3 .
(k7 =7p) =k 1+k‘27]%

(92)

We evolve A(k,n) during the decelerating epoch with this initial condition at n = 0. The free Hamiltonian for ¢ with
respect to conformal time was introduced in Eq. . In a generic post-inflationary cosmology a(n) with conformal
time 7, we have

1 1

Hlp, 7] = 5/ (Wﬂkﬂ—k + a2H2k2<ﬂk<ﬁ—k> ) (93)
Kk

where the factors of H = Hiyfation result from defining ¢ to be dimensionless, with 2k3(|ok|?) = 1 at the end of
inflation. The Schrodinger equation,

i%‘l’e[@] — Hp, —i6 /50U lg) (94)

determines the dynamical equation of motion for A(k,n), which is [38] [94]

. d A?(k,
i—A(k,n) = Cﬂ(;)}zl —a®(n)H*E>. (95)
This is the same as Eq. (35), with —1/H7 = a(7) replaced with a generic post-inflationary scale factor a(n). As
discussed below Eq. , the two terms on the RHS of Eq. come from the kinetic and gradient terms in the
Hamiltonian. In the superhorizon regime, the A2 (kinetic) term is small because the modes are frozen out. Once the
modes re-enter the horizon and start to oscillate, the two terms are comparable. (Note that in Minkowski space, we
can set a = 1, and the two terms cancel for the time-independent vacuum solution A(k) x k.)

Using Eq. for a(n), we can write Eq. as

. d _ _
denA(km) =71 —n/r) A% (k,n) — 772 (1 — n/7p)*K>. (96)
The solution is controlled by the small parameter |k7y|, which is the inverse of the amount of squeezing in the
superhorizon mode k at the end of the inflationary era. In particular, while the real part of A (which controls the
amplitude of perturbations) is not sensitive to 7¢, the imaginary part scales as 1/ |k:Tf|4 in the decelerating epoch.
Taking Eq. as the initial condition, an exact solution can be found?® which is approximated by

A(k,n) = k*(kn)? Lin21(k77) _i(k:f)‘l (cot(kzn) — kln)} + O(kty)

(kn)? 1/ 1o,
k3 () { — z(ka)4 (sm(kn) cos(kn) — %sm (kn))} + O(kty). (97)

-1
29 The exact solution is A(k,n) = [2k5(n — 7)2] |2k*7% + (2k%72 — 1) cos(2kn) — 2k7s sin(2kn) + 1 +il(n—7¢) (2474 — (kn+ kT —
f f f f f f f
-1

2kn(kTs)? + 2(k7s)3) sin(2kn) + (2kn - kry — 1) cos(2kn) + 1)] [T}l (2]{47}1 + (2k27-? - 1) cos(2kn) — 2kt sin(2kn) + 1)] , which re-
covers the initial condition asn — 0.
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FIG. 6: The power spectrum of the field is a scale-invariant spectrum (set by inflation) on superhorizon scales, gn < 1, and
decays as 1/(qn)? on sub-horizon scales, qn > 1. The decay of the field on sub-horizon scales will result in an enhancement of
coupling to superhorizon modes, allowing for more precise records to form.

From the real part of A we see that as the modes re-enter the horizon at kn ~ 1, they oscillate and begin to decay in
amplitude, with variance (Jok(n)[?) oc 1/ReA(k,n) o< 1/(kn)?. We will see in § that the phase behavior describes
a simple rotation of a squeezed state in phase space, with the 1/(k7s)? enhancement of the phase increasing the
squeezing of the state.

B. Linear Evolution in Phase Space

The two-point functions of the field and its canonical momentum can be straightforwardly computed using Eq. ,

and are 30:
(e 1) = i 0 1 Oy, (99
) (1) = 5y (k) coston) = s (k) ) + O((hry) )
- (kjf>4 sin(kn)cos(kn)  (kn> 1) (99)
(rarie) (1) = =5z 5k kmeos(ln) + sinkn)? + O((hry) )
S ST ) o) (k> ) (100)

Note that the corrections in k7; are important for (wm) and (¢m) in the n — 0 limit, since the leading order terms
from the k7 > 1 regime vanish here. We see from the power spectrum, (oxpK)’ (1), that the field decays in amplitude
as 1/kn upon re-entering the horizon (Figure @ We will see that this is crucial for the sensitivity of short modes to
the super-horizon field, and resulting formation of redundant records. Note that the relative phase in the second line
grows as (kn)? for kn < 1, describing the continued increase in squeezing in the superhorizon regime, until the mode
re-enters the horizon with a maximum squeezing level at kn ~ 1.

The evolution of the two-point functions also describes the rotation of the Wigner function in phase space. This can
be clearly seen by working with the rotated variables (®,II), which were introduced in Eq. for the inflationary
phase and can be extended into the decelerating phase. In the sub-horizon regime, kn > 1, and neglecting subleading

30 Recall that we use a prime on a correlation function to denote the omission of a momentum-conserving delta function, e.g., (Pr@K) =
(2m)363 (k + k') (prprcr) -
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corrections in k7y, we have

(krp)* . 1
Dy (n) = kncos(kn)px — sin(kn) -5 mk + h.o.,
kn k
1 . kn . 1 1
ﬁﬂk(n) = W Sln(k"f])(pk + Fn COS(k?’])ﬁﬂ'k + h.O.7 (101)
where “h.0.” denotes higher order terms in the small parameters 1/kn and k7y that ensure that (@i Il/) = 0 exactly,
and that canonical commutation is preserved exactly, [Py, k] = [k, Tk’]. The non-trigonometric factors of kn in

Eq. (101) are a matter of convention, and remove the overall scaling with kn in ¢ (which decays as 1/kn) and 7 (which
grows as kn). It is straightforward to check that the rotated momentum has the time-independent uncertainty

1 1

)= 5 iy

k* + h.o., (kn>>1) (102)

well after the mode re-enters the horizon. Correspondingly, the uncertainty in ® is zero up to corrections in k7y, so
the @ direction is the direction in phase space in which the state is tightly squeezed, just as in the inflationary era.

We can infer from the uncertainty principle (which is saturated for (®,II) since each mode is in a pure state and
(®IT) = 0) that

(k7y)®

d,. D) = _
(Pueie)’ = 53

+h.o., (kn>1) (103)

without actually calculating these corrections.

Let us briefly comment on the enhanced 1/(k7f)* dependence of mode squeezing, which is even stronger than the
inflationary squeezing, o 1/k7y. During inflation, a given k-mode is initial excited out of its ground state at a time
7o ~ —1/k and the degree of squeezing achieved by the end of inflation 7 = 7 is determined by the ratio of conformal
times 79/7¢ ~ 1/|k7¢|. But by the time the mode re-enters the horizon (kn ~ 1), the scaling becomes 1/(k7s)?. This is
because (i) ImdA/dn is initially parametrically enhanced by the scale factor a?(0) oc (k7¢)™2, so the long-wavelength
modes rapidly acquire additional relative squeezing during the transient period at the end of inflation, and (ii) by
introducing a decelerating epoch, we have allowed for a large passage of conformal time during which a? can be further
enhanced by (n/ Tf)Q. In short, the squeezing is enhanced by the continued expansion of the universe while the mode
remains frozen outside the horizon.

C. Linear Evolution of Localized Modes

Once again, we make use of localized Gaussian modes in order to quantify the amount of information recorded
locally. Since the modes remain highly squeezed, and furthermore rotate in phase space after re-entering the horizon,
we once again use the rotated (®,II) coordinates. As in the inflationary era, we localize the rotated canonical variables
with a Gaussian convolution,

e (k,x,n) = | WKk x)®w(n), I (k,x, ) = [ W(K'k,x)I (). (104)
k’ k’

Crucially, once a mode with peak wavenumber k > 1/0 re-enters the horizon in the decelerating era, <I>(")(k7 X, 1)
and 11(?) (k, x, ) depend only on the field ¢ and its conjugate momentum in the spatial regions of size o centered at
the points x4 = x:I:lA<77 on opposite sides of X, in the direction picked out by the peak wavenumber k. To see this, note
that the sines and cosines in the definitions of ® and II, when expressed as exponentials, can be combined with the

phase in the convolution W (k'|k, x), leading to a dependence only on the field near x4, rather than the field near x.
In terms of ¢(y) and 7(y) at spatial points, we can integrate over k' to obtain

¥ k) = [ Ey[e)y (W +alkx) + W (y - kilk )

i) /< . < .
(35 sy (W0 = i) = Wy + k. 0) | + 001 /o)
E) (k, %, ) = /dSy {%’(Y)% (kIZZ)4 (W(y —knlk,x) — W(y + kn[k, X))
+7T(y)% k?’(lkn) (W(y + knlkx) + 17(y — Rnlk.x)) | +0(1/oh). (105)
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From the definition of W in Eq. we see that the integrand only has support at points y within a distance ~ o of
X+ Rn. Thus, the phase space rotation of ®x and IIy over a time 7 > 1/0 captures the spatial propagation of quanta
localized in a region of size o away from their initial location at n = 0.

It is important to note that, while the leading terms in Eq. have compact support in o-sized regions at all
times 7, the 1/0k corrections capture the spreading of the Gaussian mode at large times. This occurs for o/n < o~ /k,
or 1 2 o2k, which is when quanta propagating in slightly different directions around the peak wavenumber k have
dispersed outside a o-sized region. We will not be concerned with the spatial distribution of modes that have begun
to spread out, since as long as all the relevant modes became highly squeezed during inflation, there will exist many
short modes with k > n/0? for choices of o < 7, all containing the same redundant information localized in regions of
size 0. Modes which have spread outside of a o-sized region may of course contain additional information, increasing
the (already large) total redundancy of records for a given long-wavelength variable.

Before moving on, we write down the two-point functions for Gaussian modes. Again defining ®g5, and ®g; as in

Eq. , it is straightforward to check from Eqgs. , (104), (102), and (103]) that during the radiation era,

T 8
@2)(k) = (@2,)(k) = (@%,)(k) = 1 o1/0k),

2k3
1 1
(§) (k) = (I5,,) (k) = (M5,;)(k) = 5 oy )P k* +O(1/0k), (106)
and by definition,
(®sIls) = (g, I15,) = (Ps,ills,) = 0. (107)

We will again omit the 7 or ¢ subscripts because the two modes behave identically.

Note that the information contained in these two-point functions comes from field degrees of freedom {p(y), 7 (y)}
located near x + ki and degrees of freedom near x — kn, as indicated in Eq. (I05). This is because the translation
invariant inflationary dynamics created entangled pairs of quanta in k and —k modes in a two-mode squeezed state of
the particle basis form ), ¢,|nk;n_x). Once n 2 o, the quanta in a localized mode propagate in opposite directions
in entangled EPR pairs, carrying information in the entanglement between them.

We now have all the needed pieces from the evolution of the Gaussian part of the wavefunction in place, and will
move on to calculating effects from mode coupling in the initial state on these two-point functions.

D. Nonlinear Evolution of the Wavefunction

Having worked through the linear theory, we now compute the evolution of the leading non-Gaussian part of the
wavefunction during the radiation epoch. Recall that the leading mode couplings appear in the cubic part of the
wavefunction,

1
Ulp](n) =~ (norm.)exp |:_2A‘Pk@—kA(kan)+/k80q§0k§0k’]:q,k,k’(77)
a,

= welddn) x| [ papeorFunto] . (108
where k/ = —k — q, and we are now using the conformal time coordinate 7 for the radiation era. As discussed in
§ the cubic kernel Fy, i 4(n) satisfies the equation of motion

F' () —ia(n)F(n) = —iH™ (1), (109)
with solution
" !/ i / " 12 12
Frara) = =i [ i o0 e |i [ oot (110)
0 n’
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The source H"* can be calculated by acting the interacting Hamiltonian H™ = —L3 (where L3 was defined in Eq.
(42)) on the Gaussian wavefunction as in Eq. , and is given by?!

2
ke o) = 5 " g+ geotlln) cortén)] + Olak 1 bry) (1)
We also have
O0(1) = ~ s (An() + e () + Ay (). (112)

where H is the inflationary Hubble rate. A(k,n) is given in Eq. @ for modes that crossed the horizon during
inflation (Jk77| < 1), and leads to

Im g g () = (k cot(kn) — 1) +2 perms. + O(kry)*. 1)
Using Eq. (113) in Eq. (110, we obtain
! ' 3 sin(kny') sin(k'n’) sin(gn’)
I / — dn'a(r’ (1ntl) N .
m Fp k,q(1) Z/o n' a(n )Hk,k ,q(n )77/3 Sin(ky) sin(ky) sin(gn)” (114)

up to corrections in k7. With Eq. (111)), the solution for Fj 1 4(n) in the limit ¢ < k, &/, at late times kn > 1 such
that the short modes have re-entered the horizon, is

g+ gk (kn)® Si((q + qy)n) + Si((g — g)n)
12 (krp)*  sin(kn)sin(k'n) sin(gn)

I F g g (n) = +O(a/k,1/kn, (kty)™%), (115)

where Si(z) = [ [sin(y)/y]dy is the sine integral, and g = q-k. We emphasive that Eq. is valid for all values
of gn (long modes both inside and outside the horizon), as long as the short mode is subhorizon, kn > 1. Note
that Eq. is zero at n = 0. Of course, Im Fj, j ¢(0) = Im Fy j o(T = 7¢) # 0 if there were any interactions
during inflation. In order to smoothly recover these initial conditions, we would have to track the corrections in k7
in Eq. (L15). But we can ignore these (as we did for the Gaussian part of the wavefunction, A(k,n)) because we are
interested in late times, kn > 1.32

Note that the phase ImF vanishes in the special case g + ¢ = 0. As a consequence, there will be no redundant
records and consequently no wavefunction branching in this case. This is because the two cubic interactions each
tilt the Wigner function as it rotates in phase space, either advancing or retarding its rotation. (This is reflected in
the behavior of the conditional two-point functions calculated below in §VIEL) The two contributions cancel in the
case where the shift to the quadratic Lagrangian is an overall rescaling, ALs o< L. Classically, this only shifts the
radius of a harmonic oscillator rotating in phase space, but not its phase. Quantum mechanically, the ellipticity of
the Wigner function is perturbed, but not its angle of orientation.

E. Long-wavelength Influence on Localized Short-wavelength Modes

We now have all the pieces in place to calculate how the coarse-grained field is recorded in the conditional quan-
tum states of short-wavelength localized modes. Intuitively, we want to identify measurements that many localized
observers could perform, from which they could reliably infer the same classical information. More precisely We will
again condition the global wavefunction on a classical long-wavelength field configuration at n = 0 and compute the

31 The cotangents in Eq. come from factors of ¢’ ~ m = —id§/dp acting on the linear wavefunction and bringing down factors of
ImA(k,n) o cot(kn) out of the exponent of the wavefunction.

32 Note that Eq. is enhanced by 1/k7y relative to the the solution during inflation, Eq. @ This occurs for the same reason that the
mode becomes exponentially more squeezed after inflation: the prolonged cosmological expansion increases the action, generating larger
phases in the wavefunction. In the absence of interactions after inflation, the cubic kernel F(n = 0) set by inflation evolves without a
source, ' = iaF, which has the general solution

kn___K'nm__an
sin(kn) sin(k'n) sin(qn)

n
Fre,kt ,q() = Fr it q(0) exp [1/0 dn/ak,k’,q(n/)} ~ Fig it ,q(0) (116)
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corresponding states of localized field modes in nearby regions at later times 1 > 0. If the conditional states of a
localized mode are orthogonal for sufficiently different values of a long-wavelength field variable, then that mode has
a record of the background to the relevant precision. If this is true for modes in many disjoint spatial regions, then
there are redundant records of that long-wavelength variable.

The conditional two-point functions during the radiation era can be calculated in the same way as during the
inflationary era. Using Eq. for Ulp], with Eq. for the Gaussian part and Eq. for the non-Gaussian
part, and the definitions of ® and II in Eq. (101)), we find the O(g, §) contribution %3
1 sin(kn) sin(k'n)

(@il ), (1) = $a(n) X (=3)ImF prq(1) 5 where q = —k — k.

k3 kn Tr]’
) % (k,iy)4 ol Si((g + q|)gi)n(+q§;((q —a)n) (117)

Convolving from Fourier modes to Gaussian wavepackets, now with support near the points x + 1A<77 (see § , we
find that

I 9+9_kn iqx—to?q?
@STTs)e, (k1) = [ eatmeinxie
q

[Si((g + qy)n) + Si((g — q))n)] + O(1/0k)

4 (krp) sin(gn)
= L s euen) + Olo/n, 1ok, (k) ™) (18)
where we have defined®*
pr(xm) = / paln = 0)e ™ [Si((q + a)m) + Sil(a — a)m)] /(an) (119)

Here, ¢q(0) = <pq(n)% is the initial, scale-invariant field at the end of inflation. Crucially, the sum of sine

integrals reduces to ¢n for ¢gn < 1, and asymptotes to 7 for gn > 1,2 so

w5, (x,m) ~ / O(q < 1™ H)pq(0)e' ™ + W/ 6 > 1 )gq(0)e o™ —.
a a an
where the Heaviside theta functions enforce integration over scales either longer or shorter than 7. This is a conse-
quence of the decay of modes for kn > 1, as captured in the power spectrum (p) in Eq. : Because modes inside
the horizon decay as 1/qn, their contribution to ¢;(x,7) is increasingly suppressed at short scales. From Eq.
we see that ¢; (x,7) has a variance

3 3 7T2
eaben))~ [ aamt | Grpas e = 07 W 00, (20)

g<l/n (27T)3 2q3

with contributions only from superhorizon modes and from modes just re-entering the horizon (¢n ~ 1). So ¢;(x,7)
is the field smoothed on the horizon scale 7, with some additional direction dependence.3°
The conditional two-point function (PxPy),, can be calculated in the same way, and is3”

~\2 2
@t () = LD [ 033041 +a+ dhpalna ()
y Si((q + q)n) + Si((g — q)n) Si((g + g)n") + Si((g — q)n’") (121)
sin(qn) sin(qn’) ’

33 We ignore various higher order corrections, which are denoted below in Eq. .

34 We omit the cutoff scale ¢* > 1/0 here and in the following equations because, as we will explain, the suppression of sub-horizon
modes removes (to a good approximation) the dependence on ¢*, allowing localized short modes to respond only to (conditioning on)
sufficiently long-wavelength modes.

35 Since —q < q < g, Si(0) = 0, and limgz— o0 Si(x) = 7/2, the sine integrals have the asymptotic behavior: limgn—oo[Si(gn(1 + cos0)) +
Si(gn(1 — cos0))] = 7, unless q and k are exactly aligned or anti-aligned (g = g cos() = £g), in which case the limit is 7/2.

36 Remember that the variable that is jointly recorded does mot need nmeed to be accessible in its original form. Likewise, following the
measurement of an electron spin in the laboratory, there exists many stable records of that variable in macroscopically different and
dispersed places even after the electron has been lost to the environment and has become scrambled.

37 Note that because (PP) is O(g2), it could potentially acquire corrections from the quartic part of the wavefunction (which is dynamically
sourced by the cubic part even in the absence of quartic interactions). However, we found that the quartic part does not contribute to
(®P) regardless of the cubic (or quartic) interactions, although other two-point functions are affected by it.
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up to higher order corrections. The resulting two-point function for Gaussian modes is

~\2 2
(8) ) = 55 rp)® + CED I 0 )2 4 0G0 2,1k ) (122)

Finally, the rotated momentum II is unaffected by nonlinearities at leading order, and is equivalent to the linear
theory result, Eq. (106)), up to small corrections in g, g:

(Ig) e, (k) ~ ;(k:f)skg (123)

From Egs. (L18]), , and (123)), we see that

(@2), (T2, — (@3TT5)2, = & [14+ WLIE0T

1 (k)P (02/772,1/Jk,k7f) . (124)

The conditional state of the mode S is mixed (due to entanglement with other modes®®) insofar as this quantity
differs from the lower bound dictated by the uncertainty principle, 1/4 = (h/2)%. This mixing blurs out the Wigner
function in phase space, increasing the thickness of its support in the direction with minimal uncertainty. (In the
case of conditioning on ¢;(x,n) = 0, so that (®sllg),, = 0, this direction is simply ®g, and it is clear that the
mixing which causes the LHS of Eq. to exceed 1/4 is equivalent to an increase in (®%) in Eq. (122).) For
(g+g)ok = (lm'f)47 the entanglement between modes generates a large amount of mixing, and a correspondingly large
increase of the area of support of the Wigner function.

However, the conditional state of a given short mode is still highly squeezed (although less so than in the absence
of interactions), and can thus still act as a clock recording the value of ¢;(x,7n). The range of angles at which the
squeezed state can be oriented is captured by the product (@%M L <H%><p .., which, for a typical background fluctuation,
@i(x,n) = O(1), is roughly the (square of the) area of phase space collectively covered by all conditional states. This
area exceeds the area of support of a given conditional state by a factor of n?/o2. That is,

0.2

[<¢%>¢L<H%>WL—<¢SHS>3L]=0(772)x<<1>%>%<né>m for op ~\Jel, (g+@kn> k)t (125)

Since the conditional states are narrow ellipses that only rotate around the origin as a linear function of ¢, the
support of two conditional states become essentially non-overlapping when the difference in ¢ exceeds the ratio of
the conditioned and unconditioned supports. (Cf. the situation during inflation as discussed at the end of § ) In
other words, a short mode can resolve the long-wavelength background with precision

App(x,m) ~a/n (126)

despite its entanglement with other modes. Again, this is simply because modes shorter than the horizon scale have
decayed as 1/7n since re-entering the horizon. As a consequence, the interaction strength effectively becomes more
suppressed for modes that have evolved further inside the horizon, and correlations between modes deep inside the
horizon (e.g. shorter than o) are suppressed relative to correlations with longer modes.

From Eq. we see that a mode with o < 7 contains a record with at least one bit of information (with at least
minimal uncertainty, Ap?(x,71) S (3 (x,7))), as long as

(9+9)kn 2 (krp)*. (127)

This is analogous to the inflationary condition |k7| < g for a super-horizon mode @y to contain information about a
constant background ¢y, (neglecting its entanglement with other modes). In both cases, the mode must be sufficiently
squeezed, and must be sufficiently entangled with long-wavelength modes, as encoded in the phase of the wavefunction,
ImF.

In the absence of a minimum wavenumber g, all modes that crossed the horizon during inflation will eventually
reach this regime, and carry records. On the other hand, given a finite ¢uin, the condition that at least some modes
acquire records is

(g + g)Qminn > (QHlian>4~ (128)

38 The conditional state is not exactly Gaussian, due to the non-Gaussian entanglement between modes in the wavefunction. This is a small
effect, suppressed by the interaction strengths, so we can still represent the Wigner function as an approximately Gaussian function in
phase space, characterized by approximately elliptical regions of support.
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This ensures that modes several times shorter than ¢, will acquire some information about the longest-wavelength
fluctuations. This must occur by the time when the longest mode re-enters the horizon, guminn ~ 1. Since the
combination |gminTy| is simply the ratio a;/ay of scale factors at the beginning and end of inflation, we can write this
condition as

Q;

(g+ g)V/4 (af> > 1| (129)
inflation

We will now confirm that this condition further ensures that the many records (of a given long-wavelength variable)
which form will occupy spatially disjoint regions.

Spatial Redundancy.

We have seen that there are records of long-wavelength variables captured in the orthogonality of different condi-
tional reduced states in the (®g,IIg) plane of phase space (specifically, for both (®g,,IIg,) and (®g,, g ;), defined
as in Eq. ) Crucially, these records propagate into spatially disjoint regions. As we saw in § the degrees
of freedom of the field ¢ and its conjugate momentum 7 from which &5 = ®g(k,x,7n) and IIg = Hg(k,x,n) are
constructed are localized in regions of size®? ¢ at the points x & Rn, describing the propagation of EPR pairs in
opposite directions from their initial location x. As illustrated in Figure [2] the regions of spatial support for different
modes propagating in directions k and k’ = k + Ak become disjoint once o/n < |Ak|/k.

Now, as long as Eq. holds, with g, g < 1, we are free to look for records in short modes with o < 1 (which
guarantees that the record will be very precise), and 1/k < 02/n (which — as noted in § — guarantees that
the record remains localized in the EPR-entangled pair of o-sized regions??). Combining the latter condition (no
spreading) with the disjointness condition o/n < |Ak|/k, we have the hierarchy

-1
|AK| >72>7 (130)

k n k
Thus, while we need to consider sufficiently large |Ak| > |Ak|yin ~ 01 for a given pair of short modes to propagate
into disjoint regions, we can still choose |Ak|/k to be very small at late times when o/n can be very small, and 1/0k
even smaller. A A

The long-wavelength variables ¢; and ¢;, recorded by these two modes (note that k' ~ k+Ak/k) are approximately
equivalent, up to corrections of order |Ak|/k, which need not be much larger than o /5. Thus, the difference in the
variables recorded is no larger than the uncertainty in the records. Consequently, it is possible to identify many
spatially non-overlapping short modes which all contain the same information, up to differences and uncertainty of
order o /1.

Late-time behavior.

We have assumed that the wavefunction is only perturbatively non-Gaussian, with the leading non-Gaussianity
captured by the cubic kernel, or equivalently, three-point functions. This assumption breaks down at sufficiently late
times, when the interactions have had enough time to generate O(1) deviations from Gaussianity. Here, we simply
point out that this occurs at a later time than the formation of redundant records described above. A straightforward
calculation shows that the three-point functions, normalized relative to the two-point functions, scale as

(XqYZi)(n)
VIXaP)Y([Ya?) ([ 21 2)

where XY, Z = {p,7}. Here, we have omitted oscillatory functions and just written the overall scalings with the
relevant parameters. A linear scaling with a(n) « 7 is exactly what we should expect, since the cubic interaction with
a superhorizon mode acts like a time-independent shift to the quadratic Hamiltonian, and the Schrodinger equation
determines the time-evolved wavefunction in terms of the time integral of the Hamiltonian, ~ [” dn’(constant). Once
all modes re-enter the horizon, on the other hand, the interaction decays as ~ 1/ and the non-Gaussian entanglement
ceases to grow.

We leave a full exploration of the late-time regime to future work, and emphasize that spatially redundant records
proliferate already in the perturbative, nearly Gaussian regime, before modes evolve to be shorter than a fraction
< g, g of the horizon scale, at which point Eq. becomes O(1).

~ O(g,9) x kn for kn>1, gn <1, (131)

39 As long as k > 1/02, so that the spreading of the Gaussian wavepackets is negligible — see §
40 This condition is not essential, but we work in this regime for simplicity.
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VII. DISCUSSION

In this paper we analyzed the spatial entanglement arising in a simple model of a single self-interacting real scalar
field. This model can be interpreted in terms of cosmological perturbations produced during an initial inflationary
epoch which freely propagate afterwards in a decelerating epoch. Minimal interactions, such as those that must
exist merely on account of gravity, generate entanglement between different scales that is carried to distant regions.
In particular, the long-wavelength configuration of the field is recorded in the states of many spatially localized
short-wavelength modes in the sense that conditioning on nearby but distinct long-wavelength configurations yields
orthogonal states of the localized modes. Thus, the localized modes redundantly record the configuration of the long
wavelengths in many spatially disjoint regions. We interpret this long-range spatial entanglement as a signature of ob-
jective wavefunction branching, with each branch corresponding to a potential macroscopic classical field-configuration
outcome. This demonstrates that the field decoheres itself in a preferred basis without assuming any preferred de-
composition into subsystems, suggesting that the theory of decoherence may eventually be reformulated to rest on
the more basic axiom of spatial locality.

The presence of redundant records means that no experiment can detect a phase between different branches without
applying a unitary coherently coupling distant regions of space. The difference between the coherent superposition of
branches and their incoherent mixture is thus effectively undetectable, which is interpreted as the origin of apparent
wavefunction collapse. This holds even if individual records are in fact difficult to access because they require a joint
measurement on extended EPR pairs, as depicted in Figure[2] The background field configuration will nevertheless act
as a “latent” classical variable, which can be traced out, for the purposes of predicting any other feasible measurement.
In this restricted sense, the branches are non-interacting.

In the rest of this section we consider possible avenues for future work.

Many-body phase information. The presence of redundant records (and hence branches) in the state is captured
by the phase of the field’s wavefunction in the basis of field configurations. This can be seen from the fact that the
conditional two-point functions, which determine the amount of redundant information carried — Eqgs. and
in the inflationary era and Egs. and in the decelerating era — depend only on the phase ImF. Modestly
different choices of interactions that change only the phase but still generate records will therefor still decohere
the same distribution of long-wavelength field configurations. It might be valuable to look for a similar relation
between phase information, redundant records, and wavefunction branching in other many-body systems undergoing
a quantum-to-classical transition.

Coherence and stochastic dynamics. It would be interesting to quantify the redundancy and precision of records
of long-wavelength field variables, identify the coherence of the field ¢ and field velocity ¢’, and ask under what
conditions decoherence is sufficiently strong to generate stochastic behavior of long-wavelength fluctuations at late
times in the form of a random walk.

Conditions for branching into classical fields. The formation of redundant records is determined by the behavior
of two- and three-point functions of the canonical variables (¢, 7). It should be possible to identify more general
conditions on correlation functions for nearly Gaussian wavefunctions that imply spatially redundant information, or
on dynamics for nearly quadratic local Hamiltonians that generate branching into classical fields from the vacuum.

Gravitational back-reaction. In this paper, we have treated ¢ as a spectator field in an expanding space with scale
factor a(t) fixed by hand. In a fully self-consistent picture, the gravitational effects of the scalar mode ¢ would be
accounted for. This could be done, for example, by (i) exploring a scalar field cosmology in which the background
expansion is determined by a potential V(¢), with slow-roll inflation followed by a reheating epoch, and/or (ii) by
studying tensor modes (primordial gravitational waves) in a similar context. In both of these cases, the relevant
modes evolve outside the horizon and later re-enter the horizon in the presence of highly excited short-scale degrees
of freedom, so we expect the qualitative features of wavefunction branching to be similar to those in our model.

Quantum cosmology. We naturally desire to extend this study to wavefunction branching in quantum cosmology,
treating the scale factor a(t), as well as the zero mode of the field, as a quantum degree of freedom. In this case, we
expect branching into classical backgrounds as a result of the squeezing of the modes, through which they acquire
redundant information about the background.

Slow-roll Eternal Inflation. In the regime of slow-roll eternal inflation, the post-inflationary spacetime cannot be
described perturbatively. In this regime, we expect that branching of the wavefunction will occur in regions of space
that have stopped inflating (allowing information to propagate spatially). It would be very interesting to explore the
structure of redundant information and the emergence of classical geometry in this context.
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Appendix A: Records in momentum space

Here we discuss how the existence of records, like all entanglement structure, depends on the choice of preferred
tensor decomposition into subsystems (or, equivalently, a preferred partitioning of observables [5] [6]). The basic issue
appears already in the discrete case of a complex scalar “field” that is really just three harmonic oscillators in a line.
Suppose we have a state

[¥) = (|0) + 1)) ©[0) ©[0) = [000) + [100) (A1)

where |0) and |1) are configuration states of the oscillator. This state clearly has no entanglement, and hence no
records, with respect to position space. Performing a discrete Fourier transform

N-1
"Lm — Z ,(/}ne2m'nm/N (A2)
n=0
with N=3, this becomes the GHZ state
[$) =10,0,0) +1,1,1) (A3)

in momentum space. This state has redundant records in momentum space. Furthermore, by simply appending new
qubits in position space in the state |0), we can make the momentum space redundancy as high as we like. Clearly, this
sort of redundancy is not sufficient for declaring the associated wavefunction components |0,0,0,...) and |1,1,1,...)
to be branches.

It’s simple to extend this to the continuum. Let xn;, = kr;c}m and Tmax = k:r;iln be the minimum and maximum
length scales that can be probed in the field. This means that two position excitations can’t be distinguished if they
are separated in space by less than x,;, and two momentum excitations can’t be distinguished if they are separated
in momentum by less than kpni,. For a scalar field with mass m, the field is effectively massless (ultra-relativistic)
when m < kyin and non-relativistic when m > kyax.

Consider a state of the field that is a super position of two field-configuration eigenstates given, in position space,
by

T) = |p(x) = 0) + |p(x) = poe™* /") (A4)

for some spatial width ¢ and some arbitrary amplitude ¢y. We can re-express this in momentum space as
. - . _k2o2
0) = (k) = 0) + |&(x) = goe ™ 7 /2) (A5)

hax . implying that 0=! > kmin. In this case,
the two branches can be easily distinguished in momentum space by measuring several distinguishable modes in the
range —o~ ' < k < o~!. On the other hand, the two branches are identical outside the spatial range —o < z < o,
and no more than one position mode can be accessed there. Therefore, there is no redundancy, R = 1, in real space,
but potentially high redundancy, R ~ (0kmin) "', in momentum space.*!
The fact that records and their redundancy is potentially dependent on the scale at which the system can be probed
has been discussed as a key remaining challenge for finding an objective definition of branch structure [I3].

Our issue with redundancy appears clearly when ¢ < Zmin = k2l < k—+

41 Note that even though o < Zin, we always have at least one record in real space for sufficiently large o. The restrictions on the spatial
resolution of measurements will simply mean we are unable to localize the excitation as tightly as it could be with better measurement
equipment.
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Appendix B: Continuous branching

In this appendix we study simple examples of wavefunction branching for continuous degrees of freedom, which has
several subtleties not present in the discrete case.

1. Continuous branching of one degree of freedom

Consider a toy model where a preferred system 8 described by continuous degree of freedom v has small transient
interactions with a sequence of environmental piece &(* respectively described by a continuous degree of freedom ;.
Each &; couples to 8 only from time ¢; to ¢t;11 = t, + At through the effective interaction Hamiltonian H; = gog;.
(In this section, we emphasize the distinction between the operators © and g and the scalar eigenvalues v and y;
by putting hats on the former.) The system and environment are initialized in states satisfying (7) = 0 = (g;) and
(§?) = D for some constant D. The pure global state after N interactions is

|¥) = /dvdyl e dyn Y)W (1) W (1) exp [ivgAt (y1 + -+ yn)] ) 1) - lyw) (B1)

where 1) and (%) are the initial uncorrelated wavefunctions for 8§ and the & respectively. Now set g = At~1/2, fix
the total time T = NAt, and take the limit At — 0, N — oco. Then the reduced dynamics of the density matrix p
for § become Markovian, and are described by a Lindblad equation*?

%)) (82)
(B3)
After time T, the central object has been decohered over distances larger than the characteristic scale £ = 1/v/ DT:

p(v, V) = (W] T, [|ONT|] |) = p(v) (v )e POD7T/2 (B4)
= polv, v)e~w=v)/28 (B5)

In the infinite time limit, the coordinate v becomes infinitely decohered, and the “asymptotic branches” are exact
eigenstates of ».

If we are to define branches by a high degree of redundancy after finite T', we could not find branches by partitioning
the range of v into bins of width ¢, because only two systems would contain a complete records of this discrete variable:
§ itself, and the entire environment ), & Rather, there is a trade off between the lengthscale over which v is
“irreversibly classical” and the amount of redundancy quantifying the degree of irreversibility. For any amount of
redundancy R we might target, branches for different values of v are only redundantly recorded when separated by
a distance 0v(R) = /v/R = \/R/DT. To see this, we consider the overlap between the state of N/R environmental

parts F = ®i\f:/1R € conditional on a different values v and v/
Trs [pf, pE, ] oc eV /RE (B6)

where pZ,, = (v| Trz [|U)¥|] |v). We will find it more convenient to describe this (highly symmetric) branch structure
by writing the redundancy as a function of desired precision:

R(6v) =~ 6v°DT. (B7)

This equation is a compact way to summarize the following statement: “At time 7', the environment can be broken
into R(0v) disjoint fragments F(") = icr, € (withr=1,..., R(0v) and {I,} a partition of {1,..., N}) such that

a(r) , . ()

A , (U (0 - )21 | W)

(0 = 10)7) g0y = (W
Vo

7 < 012 (B8)

42 There is a precise sense in which this is the simplest model of pure decoherence of a continuous degree of freedom [106} [107], and it
well approximates the nonrelativistic evolution of a mass m decoherenced by a bath of scattering particles on timescales for which the
kinetic term p2/2m of the object is negligible [l [03].
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”

for all values of vy, where Hfo s a projector on F(").” Note that disjointness is defined with respect to the tensor-

product decomposition ), & which in this toy model is put in by hand, but which ultimately we will ground in
spatial locality.

One can speak about a “number” of branches with redundancy R given by L /dv(R), where L, is the support
of the initial wavefunction ¥ (v). But this is a fuzzy idea, since the branches bleed smoothly into each other; for
oV < (d|z/1(1/)|2 /dv)~1/2, the joint wavefunction looks locally spatially homogeneous, and the value of v at which
one branch ends and another begins is arbitrary. Also, there may be many branches that are recorded with high
redundancy but have little probability mass. The entropy of the branches

ov
[W(w)*

is a more elegant quantity than the absolute number of them. It is translationally invariant and naturally accounts
for the relative branch weights.

This toy model describes the branching of a continuous variable to arbitrary precision, which in principle may
continue indefinitely so long as there is a supply of new environmental pieces. However, it accomplishes this by
neglecting any unitary dynamics that would induce transitions between different values of v. If v is a nonrelativistic
test mass, the full Hamiltonian will also include a kinetic terms p?/2m. Even if the initial wavepacket 1 (v) is very wide
and smooth compared to the mass, so that the dispersion of the wavefunction in space is negligible in the absence
of decoherence, the kinetic term nevertheless becomes important on the timescale ¢ ~ /m/D. Intuitively this is

SV = / dv|yp(v)|* In (BY)

because once $ has been decohered over the scale / = 1 / VDi = (Dm)~1/%, the resulting momentum uncertainty
Ap =1/ = (Dm)"/* is producing strong wavefunction dispersion over that same distance scale: tAp/m ~ £ on the
same timescale (see, e.g., Ref. [108]).

It is well known from the study of open quantum systems that this induces a random walk, with the Markovian
quantum Brownian motion*? given by

1
Now the mass is moving before it can be decohered with arbitrary precision, so branches are formed corresponding
to trajectories v(t) through time [T12H114]. One sensible way** to describe the trade off between redundancy and
precision is with the redundancy function R(dv, dt), where a branch is defined by a trajectory with respective temporal
and spatial precisions dv and dt.
In fact, these dynamics can be represented stroboscopically as a iterated sequence of identical complete
(entanglement-breaking) POVM measurements [I07], each separated exactly by a time ¢ = (12)Y/*\/m/D. If we

choose this for our time resolution, §t = i;, then the object has decohered over distances larger than (. In order to
get redundancy R we must choose v = (VR, i.e., R(0v,t) ~ (dv/f)%. On the other hand, if we allow for a more
coarse-grained time resolution, then redundancy is proportional to time (by construction of the environment) so our
general expression is

2
R(0v,0t) ~ (2/) % (B11)

2. Continuous branching of a field

Let us generalize our toy model to a field v(x) (conjugate momentum p(x)) in three dimensions, which will bring
us closer to the continuous branch structure we expect for the scalar perturbation. We likewise introduce a new
dimension on the environment to include the spatial dimensions: y;(x), with the interaction Hamiltonian between

43 Bquations and (B14)), as well as a large class of generalizations, have exact solutions in terms of the Wigner function [107} [109} [110].
Note, though, that most concrete models of quantum Brownian motion, the most well-known being the Caldiera-Leggett model [I11], are
only approximately Markovian. Completely Markovian dynamics can only be obtained by integrating out a fast (microscopic) timescale,
which in our case is achieved by taking the limit At — 0, N — oco. For a discussion of redundancy in the Caldiera-Leggett model, see
Ref. [23].

44 A clean definition would best be done within the consistent histories formalism, where R(dv, §t) would be a sort of generalization of the
decoherence functional. See Ref. [29] for intial work in this direction.
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time t; and t;41 =t; + At set to H; = g fdx v(x)y;(x). Then assuming the field is an otherwise-free massless scalar,
the complete Hamiltonian is

H = % / dx [,ﬁ(x) +(V)2(x) + zg@i(t)u(x)yi(x)} (B12)
= % /k [Mi + kv + 290, (t) yi,—k} (B13)

where ©;(t) = ©(t — t;)O(t;41 — t) and O(-) is the Heaviside step function. So, for each value of k, we have single
continuous degree of freedom obeying similar Markovian dynamics except for the addition of a quadratic potential
term:
~ 1 ~92 kz ~2 ~ ~

ik = —i [QHk + 5k P } — D v, [P, ] (B14)
This reduces to for small k (weak potential) with m = 1, and to for short times. Thus, in these limits, we
may consider the branches to be field configurations, each composed of a choice of configuration for every k-mode.
Just like it is possible for a fraction 1/R of the environment to record the position of a single continuous degree of
freedom v to some precision dv, implying a redundancy of R, this larger environment can record a field configuration
to some precision 6v(k) ~ VR £, (k) after the field has been decohered on scales larger than £, (k).

The branches of the primordial scalar perturbations ¢ will have at least two key differences from this toy model.
First, the tensor structure (indexed by ) with respect to which we define the redundancy in the toy model is put in by
hand, but the objectiveness of the branch structure we seek in the main text comes from the natural but approximate
tensor structure associated with spatial locality; that is, distinct records are to be found in disjoint spatial regions.
Second, instead of having the artificial system-environment distinction as for the toy model, the primordial scalar
perturbations will act as their own environment; this is similar to the GHZ state, where all qubits are on equal footing,
and where the coarse-grained variable (the average qubit value, analogous to the long-wavelength modes) plays the
role of the central system.

Appendix C: Alternative mode decompositions

At an informal level, the Hilbert space of the field theory can be broken up into the tensor product of a continuum
of independent momentum modes

H = Q) Hu (C1)
k

Each mode is spanned by the action of the field and conjugate-momentum operators (¢ and i), or alternatively by
the creation/annihilation operators (a) and alT{). Independence is expressed as the commutation of these operators
for distinct values of k,k’. Momentum modes are common and useful because of their relation to the translational
symmetry of the system, but other orthonormal bases for the vector space of classical field configurations are permitted
so long as they are sufficiently smooth.

For instance, the eigenstate of the one-dimensional harmonic oscillator are the Hermite polynomials with Gaussian
envelope,

>
Hn(x):(q)"dxﬁew/?, n=0,1,2,.... (C2)

These can be combined to produce the corresponding basis functions in three dimensions, Hu(x) =
Hy, (x)Hp,(y)Hn,(2), which are indexed by the triplet n = (nq,n2,n3). We can confirm using the inner product

(f.9) = [dx f(x)*g(x) = [, f(k)*j(k), where hats denote the Fourier transform, that {Hy} is an orthonormal basis
for normalizable real functions in three dimensions.*?

45 We’re working with real fields, so f(x) = f*(x) and f(k) = f*(—k).
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Using any such orthonormal set {f,}, we can define an alternative tensor decomposition H = ),, I,, where H,, is
built up from the operators

‘pn:/kfn(k)@b 7TrL:/kfn(k)7Tk (C3)

This automatically induces the canonical commutation relations [@n, Tpm] = 0nm by virtue of the orthnormality of
the {f.}. Note that since the index n is discrete, there is no delta function like d(k + p).

Appendix D: Inflationary fluctuations and gravitational interactions
1. Review: metric fluctuations during inflation

The scalar curvature perturbation ¢ in a quasi de Sitter background is defined by using the ADM formalism to
decompose the spacetime into spatial hypersurfaces, and choosing surfaces of constant energy density. (While the
matter density is spatially uniform in this gauge, ( describes the same dynamical degree of freedom as, for example,
scalar field fluctuations in the spatially flat gauge.*®) The scalar and tensor modes can then be described in the
spatial metric components as

9i;(x, 1) = a®(£)e* D (€7)5 ~ a® (1) [(1 + 2¢(x, 1))di5 + 735 (%, 1)]., (D1)

where the tensor modes satisfy V;v;; = vi;; = 0. The scalar curvature perturbation effectively describes fluctuations in
the amount of expansion at each point: aecq(x,t) ~ a(t)(14 ((x,t)). We will take the initial state for the fluctuations
— at very early times when the modes are much shorter than the Hubble scale — to be the ground state, i.e., the usual
Bunch-Davies vacuum [I15].

The action for ¢ can be obtained by expanding the Einstein-Hilbert action using the ADM formalism to quadratic
order in perturbations [70] (see also [116} [117]), and is*"

S = %/dt d*x (2¢M?) a® <<'2 - alg(vg)2> : (D2)

where M, = 1/v/87G is the reduced Planck mass, and € = —(dH/dt)/H? is assumed to be constant up to higher
order corrections in slow roll parameters. The resulting dynamics describe a massless scalar field in de Sitter space
as long as € is small and slowly varying, and are therefore encompassed in our model of a massless mode . The
late-time power spectrum determined by Eq. is approximately scale-invariant:

272
(ki) esoo = (2)38% (k + k/)FAg(k% (D3)
where
1 H?
2
N D4
¢ (2m)2 2e M2 (D4)
Similarly, the action for tensor modes is
M?2 1
S = ?p /dt d’xa’ <%ﬂ¢j - anl%‘jvl%’j) : (D5)
and the resultant primordial gravitational wave spectrum is
s s c 271—2
(i) limoo = (2m)%0% (k + K)dssr ﬁAz(k% (D6)

46 See, for example: Andrew R. Liddle and David H. Lyth, The Primordial Density Perturbation (2009), ch. 5.
47 To have a nontrivial speed of sound, cs # 1, we send (2 — (2/c? in the action.

37



for tensor polarizations s = 4, X, where

1 H?
2 N ——
AT ~ VR (D7)
P
Both scalar and tensor modes can be described as a rescaling of our (dimensionless) massless mode ¢. As shown in
and Appendix their gravitational interactions are equivalent to those in our model, Eq. , for specific
choices of (g, §).

2. Cubic interactions of the scalar curvature perturbation ¢

In this Appendix, we describe the derivation of Eq. , which captures the effect of a long-wavelength fluctuation
of the scalar metric perturbation (.

The self-interactions of the scalar curvature { can be obtained by expanding the Einstein-Hilbert action with a
generic single-field matter Lagrangian as in [70] [71], or more generally, by writing down an effective field theory for
metric fluctuations in a nearly de Sitter background with slightly broken time translation invariance [I02]. In either
approach, setting Mg = 1, the cubic action at leading order in € is proportional to the equation of motion, 6L5/d(:

L3(x) = ea® %cc + ﬁ (=(V¢)?* + v2vivj(vi<vj<))} (c +3H¢ ~ a*2v24) +O(é%). (D8)
These terms are not slow-roll suppressed relative to the quadratic action, and only affect correlation functions involving
the conjugate momentum. They can be removed by a field redefinition which, at leading order in e, is trivial in the
late-time limit, so they do not affect the late-time correlation functions of the field such as the three-point function
(CCC)|t—s00- Late-time correlation functions of the field arise from the O(e?) terms which we have omitted from
Eq. . Note that the O(e) terms in Eq. arise, starting from the action in terms of inflaton fluctuations d¢ in
the spatially flat gauge [70], by changing variables to (:

ol e L L 2 L VRV (VY 2
Mp\@(sqb ¢=4¢C (—(VO)? + V2V, V;(ViV;Q)) + O(eC?). (D9)

4a2H?
Only the first term in brackets has a factor of ¢ without derivatives, and can therefore couple short modes to a very
long-wavelength mode. The remaining derivative terms in brackets only couple the gradient of the field. We will
be interested in correlations between a very long mode with wavenumber ¢ and a shorter mode with wavenumber k,
for which derivative terms will give contributions suppressed as ¢/k. We will drop any such derivative-suppressed
interactions. .
After integrating by parts*® [118] [119] we can remove the ¢ terms and write Eq. as

La(x) = ed® <H1<3 + 344’2) - ea%CéVQC O + .., (D10)

where the dots include the derivative terms we have dropped. Finally, integrating the a( C V2( term by parts first with
respect to time, and then spatially, we have:

L3(x) = 3ea®¢? — eal(VE)? — eag’%ﬁ3 + ea%é(vo2 + O(*) + ... (D11)

The 53 and C (V()? terms in L3 have derivatives on all three factors of ¢, so they will be suppressed as described
above, and we drop them as we did the additional terms in Eq. . We are then left with*®

L3(x) = 3ea(1{* — eal(V()* + ..., (D12)

48 Integration by parts generates boundary contributions to the action. In fact, there are additional boundary terms which we did not
write in Eq. , which are cancelled by the integration by parts, leaving Eq. (D11 without boundary contributions at O(e) [118].
49 These are the leading “bulk” interactions in the formulation of the action given in Eq. (3.1) of [T18].
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as the cubic interactions relevant for decoherence, where the dots indicate all terms that can be neglected, and the
L subscript indicates that we are just interested in very long-wavelength modes (with the remaining configurations
absorbed into the dots). This can be combined with the quadratic action in the simple form [120]

Lo(x) + ALy (x) = ea® (1 +3¢1) (% — ea(1 + (1) (VC)?, (D13)
stated in the main text in Eq. .
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